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Geometry ® Module 1
Congruence, Proof, and Constructions

OVERVIEW

Module 1 embodies critical changes in Geometry as outlined by the Common Core. The heart of the module
is the study of transformations and the role transformations play in defining congruence.

Students begin this module with Topic A, Basic Constructions. Major constructions include an equilateral
triangle, an angle bisector, and a perpendicular bisector. Students synthesize their knowledge of geometric
terms with the use of new tools and simultaneously practice precise use of language and efficient
communication when they write the steps that accompany each construction (G.CO.A.1).

Constructions segue into Topic B, Unknown Angles, which consists of unknown angle problems and proofs.
These exercises consolidate students’ prior body of geometric facts and prime students’ reasoning abilities as
they begin to justify each step for a solution to a problem. Students began the proof writing process in Grade
8 when they developed informal arguments to establish select geometric facts (8.G.A.5).

Topics C and D, Transformations/Rigid Motions and Congruence, builds on students’ intuitive understanding
developed in Grade 8. With the help of manipulatives, students observed how reflections, translations, and
rotations behave individually and in sequence (8.G.A.1, 8.G.A.2). In high school Geometry, this experience is
formalized by clear definitions (G.CO.A.4) and more in-depth exploration (G.CO.A.3, G.CO.A.5). The concrete
establishment of rigid motions also allows proofs of facts formerly accepted to be true (G.CO.C.9). Similarly,
students’ Grade 8 concept of congruence transitions from a hands-on understanding (8.G.A.2) to a precise,
formally notated understanding of congruence (G.CO.B.6). With a solid understanding of how
transformations form the basis of congruence, students next examine triangle congruence criteria. Part of
this examination includes the use of rigid motions to prove how triangle congruence criteria such as SAS
actually work (G.CO.B.7, G.CO.B.8).

In Topic E, Proving Properties of Geometric Figures, students use what they have learned in Topics A through
D to prove properties—those that have been accepted as true and those that are new—of parallelograms and
triangles (G.CO.C.10, G.CO.C.11). The module closes with a return to constructions in Topic F (G.CO.D.13),
followed by a review of the module that highlights how geometric assumptions underpin the facts established
thereafter (Topic G).

Focus Standards

Experiment with transformations in the plane.

G-CO.A.1  Know precise definitions of angle, circle, perpendicular line, parallel line, and line segment,
based on the undefined notions of point, line, distance along a line, and distance around a

circular arc.
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G-CO.A.2  Represent transformations in the plane using, e.g., transparencies and geometry software;
describe transformations as functions that take points in the plane as inputs and give other
points as outputs. Compare transformations that preserve distance and angle to those that
do not (e.g., translation versus horizontal stretch).

G-CO.A.3  Given arectangle, parallelogram, trapezoid, or regular polygon, describe the rotations and
reflections that carry it onto itself.

G-CO.A.4  Develop definitions of rotations, reflections, and translations in terms of angles, circles,
perpendicular lines, parallel lines, and line segments.

G-CO.A.5 Given a geometric figure and a rotation, reflection, or translation, draw the transformed
figure using, e.g., graph paper, tracing paper, or geometry software. Specify a sequence of
transformations that will carry a given figure onto another.

Understand congruence in terms of rigid motions.

G-CO.B.6  Use geometric descriptions of rigid motions to transform figures and to predict the effect of
a given rigid motion on a given figure; given two figures, use the definition of congruence in
terms of rigid motions to decide if they are congruent.

G-CO.B.7  Use the definition of congruence in terms of rigid motions to show that two triangles are
congruent if and only if corresponding pairs of sides and corresponding pairs of angles are
congruent.

G-C0O.B.8  Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow from the
definition of congruence in terms of rigid motions.

Prove geometric theorems.

G-CO.C.9  Prove? theorems about lines and angles. Theorems include: vertical angles are congruent;
when a transversal crosses parallel lines, alternate interior angles are congruent and
corresponding angles are congruent; points on a perpendicular bisector of a line segment are
exactly those equidistant from the segment’s endpoints.

G-CO.C.10 Prove? theorems about triangles. Theorems include: measures of interior angles of a triangle
sum to 180°; base angles of isosceles triangles are congruent; the segment joining midpoints
of two sides of a triangle is parallel to the third side and half the length; the medians of a
triangle meet at a point.

G-CO.C.11 Prove? theorems about parallelograms. Theorems include: opposite sides are congruent,
opposite angles are congruent, the diagonals of a parallelogram bisect each other, and
conversely, rectangles are parallelograms with congruent diagonals.

2 Prove and apply (in preparation for Regents Exams).
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Make geometric constructions.

G-C0.D.12 Make formal geometric constructions with a variety of tools and methods (compass and
straightedge, string, reflective devices, paper folding, dynamic geometric software, etc.).
Copying a segment; copying an angle; bisecting a segment; bisecting an angle; constructing
perpendicular lines, including the perpendicular bisector of a line segment; and constructing
a line parallel to a given line through a point not on the line.

G-C0O.D.13 Construct an equilateral triangle, a square, and a regular hexagon inscribed in a circle.

Foundational Standards

Understand congruence and similarity using physical models, transparencies, or geometry
software.

8.G.A.1 Verify experimentally the properties of rotations, reflections, and translations:
a. Lines are taken to lines, and line segments to line segments of the same length.
b. Angles are taken to angles of the same measure.
c. Parallel lines are taken to parallel lines.

8.G.A.2 Understand that a two-dimensional figure is congruent to another if the second can be
obtained from the first by a sequence of rotations, reflections, and translations; given two
congruent figures, describe a sequence that exhibits the congruence between them.

8.G.A.3 Describe the effect of dilations, translations, rotations, and reflections on two-dimensional
figures using coordinates.

8.G.A.5 Use informal arguments to establish facts about the angle sum and exterior angle of
triangles, about the angles created when parallel lines are cut by a transversal, and the
angle-angle criterion for similarity of triangles. For example, arrange three copies of the
same triangle so that the sum of the three angles appears to form a line, and give an
argument in terms of transversals why this is so.

Focus Standards for Mathematical Practice

MP.3 Construct viable arguments and critique the reasoning of others. Students articulate steps
needed to construct geometric figures, using relevant vocabulary. Students develop and
justify conclusions about unknown angles and defend their arguments with geometric
reasons.

MP.4 Model with mathematics. Students apply geometric constructions and knowledge of rigid
motions to solve problems arising with issues of design or location of facilities.

MP.5 Use appropriate tools strategically. Students consider and select from a variety of tools in
constructing geometric diagrams, including (but not limited to) technological tools.
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MP.6 Attend to precision. Students precisely define the various rigid motions. Students
demonstrate polygon congruence, parallel status, and perpendicular status via formal and
informal proofs. In addition, students will clearly and precisely articulate steps in proofs and
constructions throughout the module.

Terminology

New or Recently Introduced Terms

= |sometry (An isometry of the plane is a transformation of the plane that is distance-preserving.)

Familiar Terms and Symbols3

= Transformation
= Translation

= Rotation

= Reflection

= Congruence

Suggested Tools and Representations

= Compass and straightedge
=  Geometer’s Sketchpad or Geogebra Software
= Patty paper

Assessment Summary

Assessment Type Administered Format Standards Addressed

G-CO.A.1, G-CO.A.2, G-CO.A .4,
After Topic C Constructed response with rubric | G-CO.A.5, G-C0O.B.6, G-CO.C.9,
G-C0.D.12

Mid-Module
Assessment Task

G-CO.A.2, G-CO.A.3, G-CO.B.7,
After Topic G Constructed response with rubric | G-CO.B.8, G-C0O.C.10,
G-C0.C.11, G-CO.D.13

End-of-Module
Assessment Task

3 These are terms and symbols students have seen previously.
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4 Mathematics Curriculum

GEOMETRY ¢ MODULE 1

Topic A:
Basic Constructions

G-CO.A.1, G-CO.D.12, G-CO.D.13

Focus Standard: G-CO.A.1 Know precise definitions of angle, circle, perpendicular line, parallel line, and
line segment, based on the undefined notions of point, line, distance along a
line, and distance around a circular arc.

G-C0.D.12  Make formal geometric constructions with a variety of tools and methods
(compass and straightedge, string, reflective devices, paper folding, dynamic
geometric software, etc.). Copying a segment; copying an angle; bisecting a
segment; bisecting an angle; constructing perpendicular lines, including the
perpendicular bisector of a line segment; and constructing a line parallel to a
given line through a point not on the line.

G-CO.D.13  Construct an equilateral triangle, a square, and a regular hexagon inscribed in a
circle.

Instructional Days: 5
Lessons 1-2: Construct an Equilateral Triangle (M, E)?®
Lesson 3: Copy and Bisect an Angle (M)

Lesson 4: Construct a Perpendicular Bisector (M)

Lesson 5: Points of Concurrencies (E)

The first module of Geometry incorporates and formalizes geometric concepts presented in all the different
grade levels up to high school geometry. Topic A brings the relatively unfamiliar concept of construction to
life by building upon ideas students are familiar with, such as the constant length of the radius within a circle.
While the figures that are being constructed may not be novel, the process of using tools to create the figures
is certainly new. Students use construction tools, such as a compass, straightedge, and patty paper to create
constructions of varying difficulty, including equilateral triangles, perpendicular bisectors, and angle bisectors.
The constructions are embedded in models that require students to make sense of their space and to
understand how to find an appropriate solution with their tools. Students will also discover the critical need
for precise language when they articulate the steps necessary for each construction. The figures covered
throughout the topic provide a bridge to solving, then proving unknown angle problems.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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=] . i
m Lesson 1: Construct an Equilateral Triangle

Student Outcomes
= Students learn to construct an equilateral triangle.

= Students communicate mathematic ideas effectively and efficiently.

Lesson Notes

Most students will have done little more than draw a circle with a compass upon entering 10t grade. The first few
lessons on constructions will be a topic where students truly acquire a whole new set of skills.

This lesson begins with a brief Opening Exercise, which requires peer-to-peer conversation and attention to vocabulary.
Ensure students understand that, even though the vocabulary terms may be familiar, they should pay careful attention
to the precision of each definition. For students to develop logical reasoning in geometry, they have to manipulate very
exact language, beginning with definitions. Students explore various phrasings of definitions. The teacher guides the
discussion until students arrive at a formulation of the standard definition. The purpose of the discussion is to
understand why the definition has the form that it does. As part of the discussion, students should be able to test the
strength of any definition by looking for possible counterexamples.

Sitting Cats, the main exercise, provides a backdrop to constructing the equilateral triangle. Though students may
visually understand where the position of the third cat should be, they will spend time discovering how to use their
compass to establish the exact location. (The cat, obviously, will be in a position that approximates the third vertex. The
point constructed is the optimal position of the cat—if cats were points and were perfect in their choice of place to
sleep.) Students should work without assistance for some portion of the 10 minutes allotted. As students begin to
successfully complete the task, elicit discussion about the use of the compass that makes this construction possible.

In the last segment of class, lead students through Euclid’s Proposition 1 of Book 1 (Elements 1:1). Have students
annotate the text as they read, noting how labeling is used to direct instructions. After reading through the document,
direct students to write in their own words the steps they took to construct an equilateral triangle. As part of the
broader goal of teaching students to communicate precisely and effectively in geometry, emphasize the need for clear
instruction, for labeling in their diagram and reference to labeling in the steps, and for coherent use of relevant
vocabulary. Students should begin the process in class together, but should complete the assignment for the Problem
Set.

Classwork
Opening Exercise (10 minutes)

Students should brainstorm ideas in pairs. Students may think of the use of counting footsteps, rope, or measuring tape
to make the distances between friends precise. The “fill-in-the-blanks” activity is provided as scaffolding; students may
also discuss the terms with a neighbor or as a class and write their own definitions based on discussion.
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Opening Exercise
Joe and Marty are in the park playing catch. Tony joins them, and the boys want to stand so that the distance between
any two of them is the same. Where do they stand?

How do they figure this out precisely? What tool or tools could they use?

Fill in the blanks below as each term is discussed:

1. Segment The between points 4 and B is the set consisting of 4, B, and all points
on the line AB between 4 and B.

2. Radius A segment from the center of a circle to a point on the circle.

3. Circle Given a point C in the plane and a number r > 0, the with center C and

radius 7 is the set of all points in the plane that are distance r from point C.

Note that because a circle is defined in terms of a distance, r, we will often use a distance when naming the radius (e.g.,
“radius AB”). However, we may also refer to the specific segment, as in “radius AB.”

Example 1 (10 minutes): Sitting Cats

Students explore how to construct an equilateral triangle using a compass.

Example 1: Sitting Cats

You will need a compass and a straightedge.

Margie has three cats. She has heard that cats in a room position themselves at equal distances from one another and
wants to test that theory. Margie notices that Simon, her tabby cat, is in the center of her bed (at S), while JoJo, her
Siamese, is lying on her desk chair (at J). If the theory is true, where will she find Mack, her calico cat? Use the scale
drawing of Margie’s room shown below, together with (only) a compass and straightedge. Place an M where Mack will

be if the theory is true.

L=~

Recliner

Table

Desk Bed

#na pews
v
.
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Mathematical Modeling Exercise (12 minutes): Euclid, Proposition 1
Students examine Euclid’s solution of how to construct an equilateral triangle.

Lead students through this excerpt and have them annotate the text as they read it. The goal is for students to form a
rough set of steps that outlines the construction of the equilateral triangle. Once a first attempt of the steps is made,
review them as if you are using them as a step-by-step guide. Ask the class if the steps need refinement. This is to build
to the Problem Set question, which asks students to write a clear and succinct set of instructions for the construction of
the equilateral triangle.

Mathematical Modeling Exercise: Euclid, Proposition 1

Let’s see how Euclid approached this problem. Look his first proposition, and compare his steps with yours.

Proposition 1 In this margin, compare your steps with Euclid’s.

To construct an equilateral triangle on a given finite
straight-line.

Let AB be the given finite straight-line.

So it is required to construct an equilateral triangle on
the straight-line AB.

Let the circle BC'D with center A and radius AB have
been drawn [Post. 3], and again let the circle AC'E with
center B and radius BA have been drawn [Post. 3]. And
let the straight-lines C'A and C'B have been joined from
the point €', where the circles cut one another,’ to the
points A4 and B (respectively) [Post. 1].

And since the point A is the center of the circle CD B,
AC is equal to AB [Def. 1.15]. Again, since the point
B is the center of the circle CAE, B( is equal to BA
[Def. 1.15]. But A was also shown (to be) equal to AB.
Thus, C'A and C'B are each equal to AB. But things equal
to the same thing are also equal to one another [C.N. 1].
Thus, C'A is also equal to C'[3. Thus, the three (straight-
lines) C'A, AB, and BC are equal to one another.

Thus, the triangle ABC is equilateral, and has been
constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.

Geometry Assumptions (7 minutes)

Geometry Assumptions

In geometry, as in most fields, there are specific facts and definitions that we assume to be true. In any logical system, it
helps to identify these assumptions as early as possible since the correctness of any proof hinges upon the truth of our
assumptions. For example, in Proposition 1, when Euclid says, “Let AB be the given finite straight line,” he assumed
that, given any two distinct points, there is exactly one line that contains them. Of course, that assumes we have two
points! It is best if we assume there are points in the plane as well: Every plane contains at least three non-collinear
points.
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Euclid continued on to show that the measures of each of the three sides of his triangle are equal. It makes sense to
discuss the measure of a segment in terms of distance. To every pair of points A and B, there corresponds a real number
dist(A, B) = 0, called the distance from A to B. Since the distance from A4 to B is equal to the distance from B to A, we
can interchange A and B: dist(4, B) = dist(B, A). Also, A and B coincide if and only if dist(4, B) = 0.

Using distance, we can also assume that every line has a coordinate system, which just means that we can think of any
line in the plane as a number line. Here’s how: Given a line, [, pick a point A on [ to be “0,” and find the two points B
and C such that dist(4, B) = dist(4, C) = 1. Label one of these points to be 1 (say point B), which means the other
point C corresponds to —1. Every other point on the line then corresponds to a real number determined by the (positive
or negative) distance between 0 and the point. In particular, if after placing a coordinate system on a line, if a point R
corresponds to the number r, and a point S corresponds to the number s, then the distance from R to S is dist(R,S) =
|r —s|.

History of Geometry: Examine the site http://geomhistory.com/home.html to see how geometry developed over time.

Relevant Vocabulary (3 minutes)

The terms point, line, plane, distance along a line, betweenness, space, and distance around a circular arc are all left as
undefined terms; that is, they are only given intuitive descriptions. For example, a point can be described as a location in
the plane, and a straight line can be said to extend in two opposite directions forever. It should be emphasized that,
while we give these terms pictorial representations (like drawing a dot on the board to represent a point), they are
concepts, and they only exist in the sense that other geometric ideas depend on them. Spend time discussing these
terms with students.

Relevant Vocabulary

Geometric Construction: A geometric construction is a set of instructions for drawing points, lines, circles, and figures in
the plane.

The two most basic types of instructions are the following:

1.  Given any two points A and B, a ruler can be used to draw the line AB or segment AB.

2.  Given any two points C and B, use a compass to draw the circle that has its center at C that passes through B.
(Abbreviation: Draw circle C: center C, radius CB.)

Constructions also include steps in which the points where lines or circles intersect are selected and labeled.
(Abbreviation: Mark the point of intersection of the lines AB and PQ by X, etc.)

Figure: A (two-dimensional) figure is a set of points in a plane.
Usually the term figure refers to certain common shapes such as triangle, square, rectangle, etc. However, the definition
is broad enough to include any set of points, so a triangle with a line segment sticking out of it is also a figure.

Equilateral Triangle: An equilateral triangle is a triangle with all sides of equal length.

Collinear: Three or more points are collinear if there is a line containing all of the points; otherwise, the points are non-
collinear.

Length of a Segment: The length of the segment AB is the distance from A to B and is denoted AB. Thus, AB =
dist(4, B).

MM N Lesson 1: Construct an Equilateral Triangle n
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In this course, you will have to write about distances between points and lengths of segments in many, if not most,
Problem Sets. Instead of writing dist(4, B) all of the time, which is a rather long and awkward notation, we will instead
use the much simpler notation AB for both distance and length of segments. Even though the notation will always make
the meaning of each statement clear, it is worthwhile to consider the context of the statement to ensure correct usage.
Here are some examples:

. AB intersects... AB refers to a line.

. AB + BC = AC Only numbers can be added and AB is a length or distance.

. Find AB so that AB || CD. Only figures can be parallel and 4B is a segment.

- AB =6 AB refers to the length of the segment AB or the distance from A to B.

Here are the standard notations for segments, lines, rays, distances, and lengths:

- A ray with vertex A that contains the point B: AB'or “ray AB”

- A line that contains points 4 and B: AB or “line AB”

- A segment with endpoints 4 and B: AB or “segment AB”
- The length of segment AB: AB

. The distance from 4 to B: dist(4, B) or AB

Coordinate System on a Line: Given a line [, a coordinate system on l is a correspondence between the points on the line
and the real numbers such that: (i) to every point on [, there corresponds exactly one real number; (ii) to every real
number, there corresponds exactly one point of [; (iii) the distance between two distinct points on L is equal to the
absolute value of the difference of the corresponding numbers.

Exit Ticket (3 minutes)
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Name Date

Lesson 1: Construct an Equilateral Triangle

Exit Ticket

We saw two different scenarios where we used the construction of an equilateral triangle to help determine a needed
location (i.e., the friends playing catch in the park and the sitting cats). Can you think of another scenario where the
construction of an equilateral triangle might be useful? Articulate how you would find the needed location using an
equilateral triangle.
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We saw two different scenarios where we used the construction of an equilateral triangle to help determine a needed
location (i.e., the friends playing catch in the park and the sitting cats). Can you think of another scenario where the
construction of an equilateral triangle might be useful? Articulate how you would find the needed location using an
equilateral triangle.

Students might describe a need to determine the locations of fire hydrants, friends meeting at a restaurant, or parking
lots for a stadium, etc.

Problem Set Sample Solutions

a.

2
3.
4

1.  Write a clear set of steps for the construction of an equilateral triangle. Use Euclid’s Proposition 1 as a guide.
1.

Draw circle J: center ], radius JS.
Draw circle S: center S, radius S].
Label the intersection as M.

Join S, J, M.

2.  Suppose two circles are constructed using the following instructions:
Draw circle: Center A, radius AB.

Draw circle: Center C, radius CD.

Under what conditions (in terms of distances AB, CD, AC) do the circles have

One point in common?

IfAB + CD = ACor AC + AB = CD or AC + CD = AB.

No points in common?

IfAB + CD < ACorAB + AC < CDorCD + AC < AB.

Two points in common?

IfAC < AB + CD and CD < AB + AC and AB < CD + AC.

More than two points in common? Why?

If A = C (same points) and AB = CD.

Ex. @@

B @
B Q

COMMON Lesson 1: Construct an Equilateral Triangle
co RE"‘ Date: 6/16/14
© 2014 Common Core, Inc. Some rights reserved. commoncore.org }:

engage™

This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM

Lesson 1 m o

GEOMETRY

3.  You will need a compass and a straightedge.

the two potential locations.
1. Draw acircle Py: center P,, radius P,P,.

Draw a circle P,: center P, radius P,P.

Join P, P,, P3, and Py, P, P3;,.

Cedar City boasts two city parks and is in the process of designing a third. The planning committee would like all
three parks to be equidistant from one another to better serve the community. A sketch of the city appears below,
with the centers of the existing parks labeled as P, and P,. Identify two possible locations for the third park, and
label them as P3, and P53, on the map. Clearly and precisely list the mathematical steps used to determine each of

2
3.  Label the two intersections of the circles as P3, and P3,.
4

7
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IQI Lesson 2: Construct an Equilateral Triangle

Student Outcomes

=  Students apply the equilateral triangle construction to more challenging problems.

= Students communicate mathematical concepts clearly and concisely.

Lesson Notes

Lesson 2 directly builds on the notes and exercises from Lesson 1. The continued lesson allows the class to review and
assess understanding from Lesson 1. By the end of this lesson, students should be able to apply their knowledge of how
to construct an equilateral triangle to more difficult constructions and to write clear and precise steps for these
constructions.

Students critique each other’s construction steps in the Opening Exercise; this is an opportunity to highlight
Mathematical Practice 3. Through the critique, students experience how a lack of precision affects the outcome of a
construction. Be prepared to guide the conversation to overcome student challenges, perhaps by referring back to the
Euclid piece from Lesson 1 or by sharing your own writing. Remind students to focus on the vocabulary they are using in
the directions because it will become the basis of writing proofs as the year progresses.

In the Exploratory Challenges, students construct three equilateral triangles, two of which share a common side. Allow
students to investigate independently before offering guidance. As students attempt the task, ask them to reflect on the
significance of the use of circles for the problem.

Classwork
Opening Exercise (5 minutes)

Students should test each other’s instructions for the construction of an equilateral triangle. The goal is to identify
errors in the instructions or opportunities to make the instructions more concise.

Opening Exercise

You will need a compass, a straightedge, and another student’s Problem Set.

Directions:

Follow the directions from another student’s Problem Set write-up to construct an equilateral triangle.
. What kinds of problems did you have as you followed your classmate’s directions?

- Think about ways to avoid these problems. What criteria or expectations for writing steps in constructions
should be included in a rubric for evaluating your writing? List at least three criteria.

Lesson 2: Construct an Equilateral Triangle n
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Discussion (5 minutes)

. What are common errors? What are concrete suggestions to help improve the instruction-writing process?

@ Correct use of vocabulary, simple and concise steps (making sure each step involves just one
instruction), and clear use of labels.

It is important for students to describe objects using correct terminology instead of pronouns. Instead of “it” and “they,”
perhaps “the center” and “the sides” should be used.

Exploratory Challenge 1 (15 minutes)

Exploratory Challenge 1
You will need a compass and a straightedge.

Using the skills you have practiced, construct three equilateral triangles, where the first and second triangles share a
common side and the second and third triangles share a common side. Clearly and precisely list the steps needed to
accomplish this construction.

Switch your list of steps with a partner, and complete the construction according to your partner’s steps. Revise your
drawing and list of steps as needed.

Construct three equilateral triangles here:

S

Draw a segment AB.

Draw circle A: center A, radius AB.

Draw circle B: center B, radius BA.

Label one intersection as C; label the other intersection as D.
Draw circle C: center C, radius CA.

Label the unlabeled intersection of circle C with circle A (or the unlabeled intersection of circle C with circle B) as E.

NS LA WN R

Draw all segments that are congruent to AB between the labeled points.

There are many ways to address Step 7; students should be careful to avoid making a blanket statement that would
allow segment BE or CD.
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Exploratory Challenge 2 (16 minutes)

Exploratory Challenge 2

On a separate piece of paper, use the skills you have developed in this lesson to construct a regular hexagon. Clearly and
precisely list the steps needed to accomplish this construction. Compare your results with a partner, and revise your
drawing and list of steps as needed.

Alr: it 3 D

' A

Draw circle K: center K, any radius.

Pick a point on the circle; label this point A.

Draw circle A: center A, radius AK.

Label the intersections of circle A with circle K as B and F.
Draw circle B: center B, radius BK.

Label the intersection of circle B with circle K as C.

N e LA WN R

Continue to treat the intersection of each new circle with circle K as the center of a new circle until the next circle to
be drawn is circle A.

8. Draw AB, BC, CD, DE, EF, FA.

Can you repeat the construction of a hexagon until the entire sheet is covered in hexagons (except the edges, which will
be partial hexagons)?

Yes, this result resembles wallpaper, tile patterns, etc.

Exit Ticket (5 minutes)
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Name Date

Lesson 2: Construct an Equilateral Triangle

Exit Ticket

A ABC is shown below. Is it an equilateral triangle? Justify your response.
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Exit Ticket Sample Solution

A ABC is shown below. Is it an equilateral triangle? Justify your response.

The triangle is not equilateral. Students may prove this by constructing two intersecting circles using any two vertices as
the given starting segment. The third vertex will not be one of the two intersection points of the circles.

Problem Set Sample Solution

Why are circles so important to these constructions? Write out a concise explanation of the importance of circles in
creating equilateral triangles. Why did Euclid use circles to create his equilateral triangles in Proposition 1? How does
construction of a circle ensure that all relevant segments will be of equal length?

The radius of equal-sized circles, which must be used in construction of an equilateral triangle, does not change. This
consistent length guarantees that all three side lengths of the triangle are equal.
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m Lesson 3: Copy and Bisect an Angle

Student Outcomes

=  Students learn how to bisect an angle as well as how to copy an angle.

Note: These more advanced constructions require much more consideration in the communication of the students’
steps.

Lesson Notes

In Lesson 3, students learn to copy and bisect an angle. As with Lessons 1 and 2, vocabulary and precision in language
are essential to these next constructions.

Of the two constructions, the angle bisection is the simpler of the two and is the first construction in the lesson.
Students watch a brief video clip to set the stage for the construction problem. Review the term bisect; ask if angles are
the only figures that can be bisected. Discuss a method to test whether an angle bisector is really dividing an angle into
two equal, adjacent angles. Help students connect the use of circles for this construction as they did for an equilateral
triangle.

Next, students decide the correct order of provided steps to copy an angle. Teachers may choose to demonstrate the
construction once before students attempt to the rearrange the given steps (and after if needed). Encourage students
to test their arrangement before making a final decision on the order of the steps.

Note that while protractors are discussed in this lesson, they are not allowed on the New York State Regents
Examination in Geometry. However, using protractors instructionally is helpful to develop understanding of angle
measure.

Classwork

Opening Exercise (5 minutes)

Opening Exercise

In the following figure, circles have been constructed so that the endpoints of
the diameter of each circle coincide with the endpoints of each segment of the
equilateral triangle.

a. What is special about points D, E, and F? Explain how this can be
confirmed with the use of a compass.

D, E, and F are midpoints.

b. Draw DE, EF, and FD. What kind of triangle must A DEF be?

A DEF is an equilateral triangle.

21
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c. What is special about the four triangles within A ABC?

All four triangles are equilateral triangles of equal side lengths; they are congruent.

d. How many times greater is the area of A ABC than the area of A CDE?

The area of A ABC is four times greater than the area of A CDE.

Discussion (5 minutes)

Note that an angle is defined as the union of two non-collinear rays with the same endpoint to make the interior of the
angle unambiguous; many definitions that follow will depend on this clarity. Zero and straight angles are defined at the
end of the lesson.

Discussion
Define the terms angle, interior of an angle, and angle bisector.

Angle: An angle is the union of two non-collinear rays with the same endpoint.

Interior: The interior of angle 2BAC is the set of points in the intersection of the half-plane of AC that contains B and the

half-plane of AB that contains C. The interior is easy to identify because it is always the “smaller” region of the two
regions defined by the angle (the region that is convex). The other region is called the exterior of the angle.

Note that every angle has two angle measurements corresponding to the interior and
exterior regions of the angle: The angle measurement that corresponds to the number of
degrees between 0° and 180°, and the angle measurement that corresponds to the
number of degrees between 180° and 360°. To ensure there is absolutely no ambiguity
about which angle measurement is being referred to in proofs, the angle measurement of
an angle is always taken to be the number of degrees between 0° and 180°. This
deliberate choice is analogous to how the square root of a number is defined. Every positive number x has two square

roots: vx and —/x, so while —/x is a square root of x, the square root of x is always taken to be /x.

Exterior

For the most part, there is very little need to measure the number of degrees of an exterior region of an angle in this
course. Virtually (if not all) of the angles measured in this course will either be angles of triangles or angles formed by
two lines (both measurements guaranteed to be less than 180°. The degree measure of an arc is discussed in Module 5
and can be as large as 360°, but an arc does not have any ambiguity like an angle does. Likewise, rotations can be
specified by any positive or negative number of degrees, a point that becomes increasingly important in Algebra Il. The
main thing to keep straight and to make clear to students is that degree measurements do not automatically correspond
to angles; rather, a degree measurement may be referring to an angle, an arc, or a rotation in this curriculum. For
example, a degree measurement of 54° might be referring to the measurement of an angle, but it might also be
referring to the degree measure of an arc or the number of degrees of a rotation. A degree measurement of —734°,
however, is definitely referring to the number of degrees of a rotation.

Angle Bisector: If C is in the interior of ZAOB, and m2AOC = m«COB, then 0C bisects £AOB, and OC is called the
bisector of ZAOB. When we say mZAO0C = m«COB, we mean that the angle measures are equal.
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Geometry Assumptions (8 minutes)

Consider accompanying this discussion with drawn visuals to illustrate the assumptions.

Geometry Assumptions

In working with lines and angles, we again make specific assumptions that need to be identified. For example, in the
definition of interior of an angle above, we assumed that an angle separated the plane into two disjoint sets. This follows
from the assumption: Given a line, the points of the plane that do not lie on the line form two sets called half-planes, such
that (1) each of the sets is convex, and (2) if P is a point in one of the sets, and Q is a point in the other, then the segment
PQ intersects the line.

From this assumption, another obvious fact follows about a segment that intersects the sides of an angle: Given an angle
£AOB, then for any point C in the interior of 2AOB, the ray OC will always intersect the segment AB.

In this lesson, we move from working with line segments to working with angles, specifically with bisecting angles.
Before we do this, we need to clarify our assumptions about measuring angles. These assumptions are based upon what
we know about a protractor that measures up to 180° angles:

1. To every angle ZAOB there corresponds a quantity m2AOB called the degree or measure of the angle so that 0° <
mzAOB < 180°.

This number, of course, can be thought of as the angle measurement (in degrees) of the interior part of the angle, which
is what we read off of a protractor when measuring an angle. In particular, we have also seen that we can use protractors
to “add angles”:

2. If Cis a point in the interior of ZAOB, then m2ZAO0C + m2£COB = m£AOB.

Two angles ZBAC and £CAD form a linear pair if AB and AD are opposite rays on a line, and ACis any other ray. In
earlier grades, we abbreviated this situation and the fact that the angles on a line add up to 180° as “2s on a line.” Now,
we state it formally as one of our assumptions:

3. Iftwo angles ZBAC and 2CAD form a linear pair, then they are supplementary, i.e., m2BAC + m2CAD = 180°.
Protractors also help us to draw angles of a specified measure:

4. LetOBbea ray on the edge of the half-plane H. For every r such that 0° < r < 180°, there is exactly one ray 04
with 4 in H such that m2A4A0B = r°.

Mathematical Modeling Exercise 1 (12 minutes): Investigate How to Bisect an
Angle Note to Teacher:
The speaker in the clip
misspeaks by using the word
Ask students to keep the steps in the video in mind as they read the scenarios following protractor instead of compass.
the video and attempt the angle bisector construction on their own. (The video actually The video can even be paused,

demonstrates a possible construction.) providing an opportunity to ask
if the class can identify the

Ideas to consider: speaker’s error.

Watch the video Angles and Trim.

= Are angles the only geometric figures that can be bisected?
o No, i.e., segments.
=  What determines whether a figure can be bisected? What kinds of figures cannot be bisected?

o Aline of reflection must exist so that when the figure is folded along this line, each point on one side of
the line maps to a corresponding point on the other side of the line. A ray cannot be bisected.
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Mathematical Modeling Exercise 1: Investigate How to Bisect an Angle
You will need a compass and a straightedge.

Joey and his brother, Jimmy, are working on making a picture frame as a birthday gift for their mother. Although they
have the wooden pieces for the frame, they need to find the angle bisector to accurately fit the edges of the pieces
together. Using your compass and straightedge, show how the boys bisected the corner angles of the wooden pieces
below to create the finished frame on the right.

Before After

Consider how the use of circles aids the construction of an angle bisector. Be sure to label the construction as it
progresses and to include the labels in your steps. Experiment with the angles below to determine the correct steps for

the construction.

What steps did you take to bisect an angle? List the steps below:

Steps to construct an angle bisector:

Label vertex of angle as A.

Draw circle A: center A, any size radius.
Mg.S Label intersections of circle A with rays of angle as B and C.
MP.6 Draw circle B: center B, radius BC.

Draw circle C: center C, radius CB.

At least one of the two intersection points of circle B and circle C lie in the angle. Label that intersection point D.

N & U A W NR

Draw ﬁ

=  How does the video’s method of the angle bisector construction differ from the class’s method? Are there
fundamental differences, or is the video’s method simply an expedited form of the class’s method?

o Yes, the video’s method is an expedited version with no fundamental difference from the class’s
method.
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After students have completed the angle bisector construction, direct their attention to the symmetry in the
construction. Note that the same procedure is done to both sides of the angle, so the line constructed bears the same
relationships to each side. This foreshadows the idea of reflections and connects this exercise to the deep themes
coming later. (In fact, a reflection along the bisector ray takes the angle to itself.)

Mathematical Modeling Exercise 2 (12 minutes): Investigate How to Copy an Angle

=  For Exercise 2, provide students with the Lesson 3 Supplement (Sorting Exercise) and scissors. They will cut
apart the steps listed in the Supplement and arrange them until they yield the steps in correct order.

Mathematical Modeling Exercise 2: Investigate How to Copy an Angle
You will need a compass and a straightedge.

You and your partner will be provided with a list of steps (in random order) needed to copy an angle using a compass and
straightedge. Your task is to place the steps in the correct order, and then follow the steps to copy the angle below.

Steps needed (in correct order):

Steps to copy an angle:

Label the vertex of the original angle as B.

Draw EG as one side of the angle to be drawn.

Draw circle B: center B, any radius.
M;'S Label the intersections of circle B with the sides of the angle as A and C.
MP.6 Draw circle E: center E, radius BA.

Label intersection of circle E with EGasF.
Draw circle F: center F, radius CA.

Label either intersection of circle E and circle F as D.

© % NSO A W N R

Draw ED.

Relevant Vocabulary

Relevant Vocabulary

Midpoint: A point B is called a midpoint of AC if B is between 4 and C, and AB = BC.

Degree: Subdivide the length around a circle into 360 arcs of equal length. A central angle for any of these arcs is called
a one-degree angle and is said to have angle measure 1 degree. An angle that turns through n one-degree angles is said
to have an angle measure of n degrees.

Zero and Straight Angle: A zero angle is just a ray and measures 0°. A straight angle is a line and measures 180° (the ° is
a symbol for degree).

Exit Ticket (3 minutes)
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Name Date

Lesson 3: Copy and Bisect an Angle

Exit Ticket

Later that day, Jimmy and Joey were working together to build a kite with sticks, newspapers,
tape, and string. After they fastened the sticks together in the overall shape of the kite,
Jimmy looked at the position of the sticks and said that each of the four corners of the kite is
bisected; Joey said that they would only be able to bisect the top and bottom angles of the
kite. Who is correct? Explain.

Lesson 3: Copy and Bisect an Angle n
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Exit Ticket Sample Solution

Later that day, Jimmy and Joey were working together to build a kite with sticks,
newspapers, tape, and string. After they fastened the sticks together in the overall shape of
the kite, Jimmy looked at the position of the sticks and said that each of the four corners of
the kite is bisected; Joey said that they would only be able to bisect the top and bottom
angles of the kite. Who is correct? Explain.

Joey is correct. The diagonal that joins the vertices of the angles between the two pairs of
congruent sides of a kite also bisects those angles. The diagonal that joins the vertices of the
angles created by a pair of the sides of uneven lengths does not bisect those angles.

Problem Set Sample Solutions

Bisect each angle below.
1. ;—Q\ 2. ;
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Copy the angle below.

5.
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Draw circle B: center B, any radius.

Label the intersections of circle B with the sides of
the angleas A and C.

Label the vertex of the original angle as B.

Draw ﬁ

Draw EG as one side of the angle to be drawn.

Draw circle F: center F, radius FA.

Draw circle E: center E, radius EA.

Label intersection of circle E with EG as F.

Label either intersection of circle E and circle F as
D.
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van . i
1 Lesson 4: Construct a Perpendicular Bisector

Student Outcome

=  Students construct a perpendicular bisector and discover the relationship between symmetry with respect to a
line and a perpendicular bisector.

Lesson Notes

In Lesson 4, students learn to construct perpendicular bisectors and apply the construction to problems. Students
continue to write precise instructions for constructions. The importance of specific language continues throughout the
construction lessons. The steps for constructing an angle bisector from the previous lesson flow nicely into the steps for
constructing a perpendicular bisector.

The Opening Exercise is another opportunity for students to critique their work. Students use a rubric to assess the
Lesson 3 Problem Set on angle bisectors. Determine where students feel they are making errors (i.e., if they score low
on the rubric). In the Discussion, students make a connection between Lesson 3 and Lesson 4 as an angle bisector is
linked to a perpendicular bisector. Students should understand that two points are symmetric with respect to a line if
and only if the line is the perpendicular bisector of the segment that joins the two points. Furthermore, students should
be comfortable with the idea that any point on the perpendicular bisector is equidistant from the endpoints of the
segment. Lastly, students will extend the idea behind the construction of a perpendicular bisector to construct a
perpendicular to a line from a point not on the line.

Classwork

Opening Exercise (5 minutes)

Opening Exercise
Choose one method below to check your Problem Set:

- Trace your copied angles and bisectors onto patty paper; then, fold the paper along the bisector you
constructed. Did one ray exactly overlap the other?

- Work with your partner. Hold one partner’s work over another’s. Did your angles and bisectors coincide
perfectly?

Use the following rubric to evaluate your Problem Set:

Needs Improvement Satisfactory Excellent

Few construction arcs visible

Some construction arcs visible

Construction arcs visible and
appropriate

Few vertices or relevant
intersections labeled

Most vertices and relevant
intersections labeled

All vertices and relevant
intersections labeled

Lines drawn without
straightedge or not drawn
correctly

Most lines neatly drawn with
straightedge

Lines neatly drawn with
straightedge

Fewer than 3 angle bisectors
constructed correctly

3 of the 4 angle bisectors
constructed correctly

Angle bisector constructed
correctly
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Mathematical Modeling Exercise (37 minutes)

In addition to the discussion, have students participate in a kinesthetic activity that illustrates the idea of an angle
bisector. Ask students to get out of their seats and position themselves at equal distances from two adjacent classroom
walls. The students form the bisector of the (likely right) angle formed at the meeting of the adjacent walls.

Discussion

In Lesson 3, we studied how to construct an angle bisector. We know we can verify the construction by folding an angle
along the bisector. A correct construction means that one half of the original angle will coincide exactly with the other
half so that each point of one ray of the angle maps onto a corresponding point on the other ray of the angle.

We now extend this observation. Imagine a segment that joins any pair of points
that map onto each other when the original angle is folded along the bisector. The
figure to the right illustrates two such segments.

Let us examine one of the two segments, EG. When the angle is folded along ﬁ, E
coincides with G. In fact, folding the angle demonstrates that E is the same
distance from F as G is from F; EF = FG. The point that separates these equal
halves of EG is F, which is, in fact, the midpoint of the segment and lies on the
bisector sz We can make this case for any segment that falls under the conditions
above.

By using geometry facts we acquired in earlier school years, we can also show that the angles formed by the segment and
the angle bisector are right angles. Again, by folding, we can show that ZEF] and 2GF]J coincide and must have the same
measure. The two angles also lie on a straight line, which means they sum to 180°. Since they are equal in measure and
sum to 180°, they each have a measure of 90°.

These arguments lead to a remark about symmetry with respect to a line and the definition of a perpendicular bisector.
Two points are symmetric with respect to a line L if and only if L is the perpendicular bisector of the segment that joins the
two points. A perpendicular bisector of a segment passes through the _midpoint _of the segment and forms

right angles _ with the segment.

We now investigate how to construct a perpendicular bisector of a line segment using a compass and a straightedge.
Using what you know about the construction of an angle bisector, experiment with your construction tools and the
following line segment to establish the steps that determine this construction.

)

Precisely describe the steps you took to bisect the segment.

Label the endpoints of the segment A and B.
Draw circle A: center A, radius AB and circle B: center B, radius BA.

Label the points of intersections as C and D.

A W N R

Draw Z'B
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Now that you are familiar with the construction of a perpendicular bisector, we must make one last observation. Using

your compass, string, or patty paper, examine the following pairs of segments: c
i. ACBC
i. AD,BD 2
iii. AE,BE
Based on your findings, fill in the observation below. Ve a
Observation: -
Any point on the perpendicular bisector of a line segment is _equidistant _from the endpoints of

the line segment.

Mathematical Modeling Exercise

You know how to construct the perpendicular bisector of a segment. Now, you will investigate how to construct a
perpendicular to a line £ from a point A not on £. Think about how you have used circles in constructions so far and why
the perpendicular bisector construction works the way it does. The first step of the instructions has been provided for
you. Discover the construction and write the remaining steps.

MP.5

MP.6

Step 1. Draw circle A: center A, with radius so that circle 4 intersects line € in two points.

Step 2: Label the two points of intersection as B and C.
Step 3: Draw circle B: center B, radius BC.
Step 4: Draw circle C: center C, radius CB.

Step 5: Label the unlabeled intersection of circle B and circle C as D.

Step 6: Draw 4D.

Relevant Vocabulary
Right Angle: An angle is called a right angle if its measure is 90°.

Perpendicular: Two lines are perpendicular if they intersect in one point and if any of the angles formed by the
intersection of the lines is a 90° (right) angle. Two segments or rays are perpendicular if the lines containing them are
perpendicular lines.

Equidistant: A point A is said to be equidistant from two different points B and C if AB = AC. A point A is said to be
equidistant from a point B and a line [ if the distance between 4 and [ is equal to AB.

Exit Ticket (3 minutes)
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Lesson 4: Construct a Perpendicular Bisector

Exit Ticket

Divide the following segment AB into four segments of equal length.
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Divide the following segment AB into four segments of equal length.

COMMON Lesson 4: Construct a Perpendicular Bisector
CORE"‘ Date: 6/16/14

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

engage™

Ec BY-NC-SA This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM

Problem Set Sample Solutions

Lesson 4 m 0

GEOMETRY

construction to construct parallel lines.

To construct parallel lines £; and £,:

1. During this lesson, you constructed a perpendicular line to a line £ from a point A not on £. We are going to use that

i. Construct a perpendicular line £; to a line £, from a point A noton £;.

ii. Construct a perpendicular line £, to £, through point A. Hint: Consider using the steps behind Problem 4
in the Lesson 3 Problem Set to accomplish this.

segments you have constructed?

A

?5
2, [ Ap '
S ]
2 k2 Ep , /
| —
W

2. Construct the perpendicular bisector of AB, BC, and CA on the triangle below. What do you notice about the

Students should say that the three perpendicular bisectors pass through a common point. (Students may
additionally conjecture that this common point is equidistant from the vertices of the triangle.)

Lesson 4:
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3. Two homes are built on a plot of land. Both homeowners have dogs and are interested in putting up as much
fencing as possible between their homes on the land but in a way that keeps the fence equidistant from each home.
Use your construction tools to determine where the fence should go on the plot of land. How must the fencing be
altered with the addition of a third home?

7 7,

H; H;

I,
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IQI Lesson 5: Points of Concurrencies

Student Outcome

= Students become familiar with vocabulary regarding two points of concurrencies and understand why the
points are concurrent.

Lesson Notes
Lesson 5 is an application lesson of the constructions covered so far.

In the Opening Exercise, students construct three perpendicular bisectors of a triangle but this time use a makeshift
compass (i.e., a string and pencil). Encourage students to note the differences between the tools and how the tools
would change how the steps are written.

The Discussion addresses vocabulary associated with points of concurrencies. The core of the notes presents why the
three perpendicular bisectors are concurrent. Students should then make a similar argument explaining why the three
angle bisectors of a triangle are also concurrent.

This topic presents an opportunity to incorporate geometry software if available.

Classwork
Opening Exercise (7 minutes)

Students use an alternate method of construction on Lesson 4, Problem Set 2.

Opening Exercise
You will need a make-shift compass made from string and a pencil.

Use these materials to construct the perpendicular bisectors of the three sides of the triangle below (like you did with
Lesson 4, Problem Set 2).

How did using this tool differ from using a compass and straightedge? Compare your construction with that of your
partner. Did you obtain the same results?

COMMON Lesson 5: Points of Concurrencies engage ny 37
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Exploratory Challenge (38 minutes)

Exploratory Challenge

When three or more lines intersect in a single point, they are _ concurrent , and the point of intersection is the _ point of
concurrency .

You saw an example of a point of concurrency in yesterday’s Problem Set (and in the Opening Exercise above) when all
three perpendicular bisectors passed through a common point.

The point of concurrency of the three perpendicular bisectors is the _circumcenter of the triangle .

The circumcenter of A ABC is shown below as point P.

Have students mark the right angles and congruent segments (defined by midpoints) on the triangle.

2N ¢

The questions that arise here are WHY are the three perpendicular bisectors concurrent? And WILL these bisectors be
concurrent in all triangles? Recall that all points on the perpendicular bisector are equidistant from the endpoints of the
segment, which means:

1. Pisequidistant from A and B since it lies on the _perpendicular bisector of AB.

2. Pisalso_equidistant from B and C since it lies on the perpendicular bisector of BC.

3. Therefore, P must also be equidistant from 4 and C.

Hence, AP = BP = CP, which suggests that P is the point of _concurrency of all three perpendicular bisectors.

You have also worked with angle bisectors. The construction of the three angle bisectors of a triangle also results in a
point of concurrency, which we call the _incenter .

Use the triangle below to construct the angle bisectors of each angle in the triangle to locate the triangle’s incenter.
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Have students label the congruent angles formed by the angle bisectors.

Note to Teacher:

1. State precisely the steps in your construction above.

1.  Construct the angle bisectors of LA, £B, and £C.

For the first question, students
do not need to re-explain
constructions they have

established prior to the current
2.  Earlier in this lesson, we explained why the perpendicular bisectors of the sides of a triangle construction.
are always concurrent. Using similar reasoning, explain clearly why the angle bisectors are
always concurrent at the incenter of a triangle.

2.  Label the point of intersection Q.

Any point on the angle bisector is equidistant from the rays forming the angle. Therefore, since point Q is on the
angle bisector of £ ABC, it is equidistant from BA and BC. Similarly, since point Q is on the angle bisector of

Z BCA, it is equidistant from CB and CA. Therefore, Q must also be equidistant from AB and TC, since it lies on the
angle bisector of £ BAC. So Q is a point of concurrency of all three angle bisectors.

3.  Observe the constructions below. Point A is the _circumcenter of A JKL. (Notice that it can fall outside of the
triangle.) Point B is the _incenter of A RST. The circumcenter of a triangle is the center of the circle that
circumscribes that triangle. The incenter of the triangle is the center of the circle that is inscribed in that triangle.

On a separate piece of paper, draw two triangles of your own below and demonstrate how the circumcenter and
incenter have these special relationships.

Answers will vary.

4. How can you use what you have learned in Exercise 3 to find the center of a circle if the center is not shown?

Inscribe a triangle into the circle and construct the perpendicular bisectors of at least two sides. Where the bisectors
intersect is the center of the circle.

Closing

Inform students that the topic shifts to unknown angle problems and proofs for the next six lessons. The Lesson 5
Problem Set is a preview for Lessons 6—11 but is based on previously taught geometry facts.
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Problem Set Sample Solutions

1. Given line segment AB, using a compass and straightedge, construct the set of points that are equidistant from A
and B.

What figure did you end up constructing? Explain.

I ended up drawing the perpendicular bisector of the segment AB. Every point on this line is equidistant from the
points A and B.

2.  For each of the following, construct a line perpendicular to segment AB that goes through point P.

A
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GEOMETRY

3.  Using a compass and straightedge, construct the angle bisector of ZABC shown below. What is true about every
point that lies on the ray you created?

Every point on the ray is equidistant from ray BA and ray BC.
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4 Mathematics Curriculum

GEOMETRY ¢ MODULE 1

Topic B:
Unknown Angles

G-CO.C.9

Focus Standard: G-C0.C.9 Prove theorems about lines and angles. Theorems include: vertical angles are
congruent; when a transversal crosses parallel lines, alternate interior angles
are congruent and corresponding angles are congruent; points on a
perpendicular bisector of a line segment are exactly those equidistant from the
segment’s endpoints.

Instructional Days: 6

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point (P)*
Lesson 7: Solve for Unknown Angles—Transversals (P)
Lesson 8: Solve for Unknown Angles—Angles in a Triangle (P)
Lesson 9: Unknown Angle Proofs—Writing Proofs (P)
Lesson 10: Unknown Angle Proofs—Proofs with Constructions (P)

Lesson 11: Unknown Angle Proofs—Proofs of Known Facts (P)

By the time students embark on Topic B, they have seen several of the geometric figures that they studied
prior to Grade 8. Topic B incorporates even more of these previously learned figures, such as the special
angles created by parallel lines cut by a transversal. As part of the journey to solving proof problems,
students begin by solving unknown angle problems in Lessons 6—8. Students will develop mastery over
problems involving angles at a point, angles in diagrams with parallel lines cut by a transversal, angles within
triangles, and all of the above within any given diagram. A base knowledge of how to solve for a given
unknown angle lays the groundwork for orchestrating an argument for a proof. In the next phase, Lessons
9-11, students work on unknown angle proofs. Instead of focusing on the computational steps needed to
arrive at a particular unknown value, students must articulate the algebraic and geometric concepts needed
to arrive at a given relationship. Students continue to use precise language and relevant vocabulary to justify
steps in finding unknown angles and to construct viable arguments that defend their method of solution.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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GEOMETRY

Lesson 6: Solve for Unknown Angles—Angles and Lines at a

Point

Student Outcomes

= Students review formerly learned geometry facts and practice citing the geometric justifications in anticipation
of unknown angle proofs.

Lesson Notes

Lessons 1-5 serve as a foundation for the main subject of this module, which is congruence. By the end of the unknown
angles lessons (Lessons 6—8), students will start to develop fluency in two areas: (1) solving for unknown angles in
diagrams and (2) justifying each step or decision in the proof-writing process of unknown angle solutions.

The “missing-angle problems” in this topic occur in many American geometry courses and play a central role in some
Asian curricula. A missing-angle problem asks students to use several geometric facts together to find angle measures in
a diagram. While the simpler problems require good, purposeful recall and application of geometric facts, some
problems are complex and may require ingenuity to solve. Historically, many geometry courses have not expected this
level of sophistication. Such courses would not have demanded that students use their knowledge constructively but
rather to merely regurgitate information. The missing-angle problems are a step up in problem solving. Why do we
include them at this juncture in this course? The main focal points of these opening lessons are to recall or refresh and
supplement existing conceptual vocabulary, to emphasize that work in geometry involves reasoned explanations, and to
provide situations and settings that support the need for reasoned explanations and that illustrate the satisfaction of
building such arguments.

Lesson 6 is problem set based and focuses on solving for unknown angles in diagrams of angles and lines at a point. By
the next lesson, students should be comfortable solving for unknown angles numerically or algebraically in diagrams
involving supplementary angles, complementary angles, vertical angles, and adjacent angles at a point. As always,
vocabulary is critical and students should be able to define the relevant terms themselves. It may be useful to draw or
discuss counterexamples of a few terms and ask students to explain why they do not fit a particular definition.

As students work on problems, encourage them to show each step of their work and to list the geometric reason for
each step. (e.g., “Vertical angles have equal measure.”) This will prepare students to write a reason for each step of their
unknown angle proofs in a few days.

A chart of common facts and discoveries from middle school that may be useful for student review or supplementary
instruction is included at the end of this lesson. The chart includes abbreviations students may have previously seen in
middle school, as well as more widely recognized ways of stating these ideas in proofs and exercises.
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Classwork

Opening Exercise (5 minutes)

Lesson 6 m 0

GEOMETRY

Ask students to find the missing angles in these diagrams. The exercise will remind students of the basics of determining
missing angles that they learned in middle school. Discuss the facts that student recall and use these as a starting point

for the lesson.

Opening Exercise

Determine the measure of the missing angle in each diagram.

What facts about angles did you use?

to 360°.

Answers may include: vertical angles are equal in measure, linear pairs form supplementary angles, angles at a point sum

Discussion (4 minutes)

Discussion

In the figure, line segment AD is drawn.
Find mzDCE.

m«DCE = 18°

Two angles AOC and COB, with a common side ﬁ, are _adjacent angles _if C belongs to the interior of ZAOB. The
sum of angles on a straight line is 180° and two such angles are called a linear pair. Two angles are called supplementary
if the sum of their measures is _180° ; two angles are called complementary if the sum of their measures is _90° .
Describing angles as supplementary or complementary refers only to the measures of their angles. The positions of the
angles or whether the pair of angles is adjacent to each other is not part of the definition.

1B
|
A
X | E
_\_\-\_\-'"“-—__:_rl ___'_—___"
(A “%-______H_Q

The total measure of adjacent angles around a pointis _360° .
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GEOMETRY

Find the measure of mzHKI.

ms HKI = 80°

Vertical angles have equal measure. Two angles are vertical if their sides form opposite rays.
Find m«TRV.
m« TRV = 52°

Example 1 (6 minutes)

Example 1

Find the measure of each labeled angle. Give a reason for your solution.

o a
145 . b 1220
40°
d

Angle Angle measure Reason
Za 35° Linear pairs form supplementary angles.
£b 140° Linear pairs form supplementary angles.
Zc 40° Vertical angles are equal in measure.
2d 140° Linear pairs form supplementary angles or vertical angles are
equal in measure.
ZLe 238° Angles at a point sum to 360 degrees.

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point n
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Exercises (25 minutes)

Exercises
In the figures below, AB, CD, and EF are straight-line segments. Find the measure of each marked angle or find the
unknown numbers labeled by the variables in the diagrams. Give reasons for your calculations. Show all the steps to
your solutions.
1.
A 144° a B msa = 36°
Linear pairs form supplementary angles.
2.
msb = 47°
b Consecutive adjacent angles on a line sum to
A or° 36° B 180°.
3.
c
36°
40° msc = 14°
A B Consecutive adjacent angles on a line sum to
180°.
4.
mzsd = 49°
A ) 82° f B Consecutive adjacent angles on a line sum to
180°.
5.
g
mzsg = 29°
91° |/ g0 .
Angles at a point sum to 360°.
91°
9 g
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For Exercises 6—12, find the values of x and y. Show all work.
6.
7.
8. A
E
EaN=|
C
(4x-10)°
8 F
9. E
MP.7 Gt 6F
10.
B

x =80
Angles at a point add up to 360°.

x=30;,y =90
Vertical angles are equal in measure. Angles
at a point sum to 360°.

x =20
Vertical angles have equal measures.

Consecutive adjacent angles on a line sum to
180°.

x=39,y=123
Vertical angles are equal in measure.
Angles at a point sum to 360°.

x =80,y =122
Consecutive adjacent angles on a line sum
to 180°.

COMMON Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point
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11.
C B
x=10;y =112
° - 2)° Consecutive adjacent angles on a line sum to
68° (4x-2) 180°. Vertical angles are equal in measure.
/ 3¢”
| \ i
12.
D
A
(2x+1)°
(3x+ 10)” x=27;y=47
E = i Consecutive adjacent angles on a line sum to
(o -3) ( 8 x+ 10]“ 180°. Vertical angles are equal in measure
9
yD
B
c

Relevant Vocabulary

Relevant Vocabulary
Straight Angle: If two rays with the same vertex are distinct and collinear, then the rays form a line called a straight
angle.

Vertical Angles: Two angles are vertical angles (or vertically opposite angles) if their sides form two pairs of opposite
rays.

Exit Ticket (5 minutes)

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point n
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Name Date

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point

Exit Ticket

Use the following diagram to answer the questions below:

mu
N

G

a.  Name an angle supplementary to £HZ] and provide the reason for your calculation.

b. Name an angle complementary to £HZ] and provide the reason for your calculation.

2. IfmsHZ] = 38°, what is the measure of each of the following angles? Provide reasons for your calculations.

a. <«FZG
b. <«HZG
c. LAZ]

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point n
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Exit Ticket Sample Solutions

Use the following diagram to answer the questions below:

A
J
L
H z\
1. G
a. Name an angle supplementary to ZHZJ and provide the reason for your calculation.

2JZF or LHZG; Linear pairs form supplementary angles.

b. Name an angle complementary to ZHZ] and provide the reason for your calculation.

£JZA; The angles sum to 90°.

2. IfmzHZ] = 38°, what is the measure of each of the following angles? Provide reasons for your calculations.

a. msFZG
38°

b. m<HZG
142°

c. mzAZJ
52°

Problem Set Sample Solutions

In the figures below, AB and CD are straight line segments. Find the value of x and/or y in each diagram below. Show
all the steps to your solution and give reasons for your calculations.

1.
C
x =133
=43
o y
47 Angle addition postulate; Linear pairs form
A x° B supplementary angles

[w]

Lesson 6: Solve for Unknown Angles—Angles and Lines at a Point n
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2.
x=178
A Consecutive adjacent angles on a line sum to
180°.
Cc
3.
A
x =20
y =110
»° 2% -5 . . .
c ( X ] Consecutive adjacent angles on a line sum to
( Sx+4 SJD (3 v -7 5)“ 180°. Vertical angles are equal in measure
B
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Key Facts and Discoveries from Earlier Grades

Facts (With Abbreviations Used in
Grades 4-9)

Diagram/Example

How to State as a Reason in an
Exercise or Proof

Vertical angles are equal in measure.

(vert. Zs)

“Vertical angles are equal in
measure”

If C is a point in the interior of LAOB,
then m£AO0C + m£COB = m£AOB.

(Zs add)

B

m£AOB = m£AOC + m«COB

“Angle addition postulate”

Two angles that form a linear pair are
supplementary.

(Zson aline)

“Linear pairs form supplementary
angles”

Given a sequence of n consecutive
adjacent angles whose interiors are all
disjoint such that the angle formed by
the first n — 1 angles and the last
angle are a linear pair, then the sum
of all of the angle measures is 180°.

(s onaline)

a+b+c+d=180

“Consecutive adjacent angles on a
line sum to 180°”

The sum of the measures of all angles
formed by three or more rays with
the same vertex and whose interiors
do not overlap is 360°.

(Zs at a point)

msABC + mzCBD + m«DBA =
360°

“Angles at a point sum to 360°”
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Facts (With Abbreviations Used in
Grades 4-9)

Diagram/Example

How to State as a Reason in an
Exercise or Proof

The sum of the 3 angle measures of
any triangle is 180°.

(£ sum of A)

B
L Z c
A

msA + msB + m«C = 180°

“Sum of the angle measures in a
triangle is 180°”

When one angle of a triangle is a right
angle, the sum of the measures of the
other two angles is 90°.

(£ sum of rt. A)

B
AILC

mzA = 90° msB + m«C = 90°

“Acute angles in a right triangle sum
to 90°”

The sum of the measures of two
angles of a triangle equals the
measure of the opposite exterior
angle.

(ext. £ of A)

/\

m4BAC + m£ABC = m4BCD

A

“Exterior angle of a triangle equals
the sum of the two interior opposite
angles”

Base angles of an isosceles triangle
are equal in measure.

(base Zs of isos. A)

“Base angles of an isosceles triangle
are equal in measure”

All angles in an equilateral triangle
have equal measure.

(equilat. A)

|
A

“All angles in an equilateral triangle
have equal measure"
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Facts (With Abbreviations Used in
Grades 4-9)

Diagram/Example

How to State as a Reason in an
Exercise or Proof

If two parallel lines are intersected by
a transversal, then corrsponding
angles are equal in measure.

(corr. Zs, AB || CD)

“If parallel lines are cut by a
transversal, then corresponding
angles are equal in measure”

If two lines are intersected by a
transversal such that a pair of
corresponding angles are equal in
meaure, then the lines are parallel.

(corr. Zs converse)

“If two lines are cut by a transversal
such that a pair of corresponding
angles are equal in meaure, then the
lines are parallel”

If two parallel lines are intersected by
a transversal, then interior angles on
the same side of the transversal are
supplementary.

(int. Zs, AB || CD)

/é/
/L/

/Z/
/U
/

“If parallel lines are cut by a
transversal, then interior angles on
the same side are supplementary”

If two lines are intersected by a
transversal such that a pair of interior
angles on the same side of the
transversal are supplementary, then
the lines are parallel.

(int. Zs converse)

“If two lines are cut by a transversal
such that a pair of interior angles on
the same side are supplementary,
then the lines are parallel”

If two parallel lines are intersected by
a transversal, then alternate interior
angles are equal in measure.

(alt. Zs, 4B || CD)

“If parallel lines are cut by a
transversal, then alternate interior
angles are equal in measure”

If two lines are intersected by a
transversal such that a pair of
alternate interior angles are equal in
meaure, then the lines are parallel.

(alt. Zs converse)

“If two lines are cut by a transversal

such that a pair of alternate interior

angles are equal in meaure, then the
lines are parallel”
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Lesson 7: Solve for Unknown Angles—Transversals

Student Outcomes

= Students review formerly learned geometry facts and practice citing the geometric justifications in anticipation
of unknown angle proofs.

Lesson Notes
The focus of the second day of unknown angle problems is problems with parallel lines crossed by a transversal.
This lesson features one of the main theorems (facts) learned in Grade 8:

1. If two lines are cut by a transversal and corresponding angles are equal, then the lines are parallel.

2. |If parallel lines are cut by a transversal, corresponding angles are equal. (This second part is often called the
parallel postulate, which tells us a property that parallel lines have that cannot be deduced from the definition
of parallel lines.)

Of course, students probably remember these two statements as a single fact: For two lines cut by a transversal, the
measures of corresponding angles are equal if and only if the lines are parallel. Decoupling these two statements from
the unified statement will be the work of later lessons.

The lesson begins with review material from Lesson 6. In the Discussion and Examples, students review how to identify
and apply corresponding angles, alternate interior angles, and same-side interior angles. The key is to make sense of the
structure within each diagram.

Before moving on to the Exercises, students learn examples of how and when to use auxiliary lines. Again, the use of
auxiliary lines is another opportunity for students to make connections between facts they already know and new
information. The majority of the lesson involves solving problems. Gauge how often to prompt and review answers as
the class progresses; check to see whether facts from Lesson 6 are fluent. Encourage students to draw in all necessary
lines and congruent angle markings to help assess each diagram. The Problem Set should be assigned in the last few
minutes of class.
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Classwork
Opening Exercise (4 minutes)
Opening Exercise
E
Use the diagram at the right to determine x and y. b
4B and CD are straight lines. (x+8)
x =30
y =752 (2x -8
Name a pair of vertical angles: A B
£AO0C, +tDOB
Find the measure of ~BOF. lJustify your ¥°
calculation.
(4x -24)° F
m«BOF = 32°, Linear pairs form
supplementary angles

Discussion (4 minutes)

Review the angle facts pertaining to parallel lines crossed by a transversal. Ask students to name examples that illustrate

each fact:

Discussion

zaand Le, 2d and 2h, etc.

zcand £f, 2d and Le

zcand Le, 2d and Lf

Given line AB and line CD in a plane (see the diagram below), a third line EF is called a transversal if it intersects AB ata
single point and intersects CData single but different point. Line AB and line CD are parallel if and only if the following
types of angle pairs are congruent or supplementary:

- Corresponding angles are equal in measure

- Alternate interior angles are equal in measure

- Same-side interior angles are supplementary

COMMON Lesson 7:
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Examples (8 minutes)

Students try examples based on the Discussion; review, then discuss auxiliary line.

Examples
1. 2.
2 b
48° 48°
msa = 48° msb = 132°
3. 4.
48° d 48°
(o4
msc = 48° mzsd = 48°
5.  An auxiliary line is sometimes useful when solving for unknown angles.
In this figure, we can use the auxiliary line to find the measures of ze and 2f
(how?), then add the two measures together to find the measure of ZW.
What is the measure of ZW?
mze = 41°, mzf = 35°, mzZW = 76°

Exercises (24 minutes)

Students work on this set of exercises; review periodically.

Exercises

In each exercise below, find the unknown (labeled) angles. Give reasons for your solutions.

1. mcza = 53°, If parallel lines are cut by a transversal,
then corresponding angles are equal in measure
53°
¢ mzsb = 53°, Vertical angles are equal in measure

mzc = 127°, If parallel lines are cut by a transversal,
then interior angles on the same side are supplementary
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2.

mzsd = 145°, Linear pairs form supplementary angles;
If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure

mcze = 54°, If parallel lines are cut by a transversal,
then alternate interior angles are equal in measure

mzf = 68° Vertical angles are equal in measure;
If parallel lines are cut by a transversal, then interior
angles on the same side are supplementary

35°
54°
112°
144°
9 mczsg = 92°, Vertical angles are equal in measure;
If parallel lines are cut by a transversal, then interior
56° angles on the same side are supplementary
h
98°
i
372
n
44°

mzh = 100°, If parallel lines are cut by a transversal,
then interior angles on the same side are supplementary

d
@
6.
17°
[ N
129°

mczi = 114°, Linear pairs form supplementary angles;
If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure

mczj = 92°, If parallel lines are cut by a transversal, then

7.
alternate interior angles are equal in measure
mczk = 42°, Consecutive adjacent angles on a line sum
to 180°
i -
J 46 msm = 46°, If parallel lines are cut by a transversal,
then alternate interior angles are equal in measure
8.

m«n = 81°, If parallel lines are cut by a transversal,
then corresponding angles are equal in measure
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9.
94° q 68° msp = 18°, Consecutive adjacent angles on a line sum
p to 180°
mczsq = 94°, If parallel lines are cut by a transversal,
then corresponding angles are equal in measure
10.

m«r = 46°, If parallel lines are cut by a transversal,
then interior angles on the same side are supplementary;
If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure

96°

130°

Relevant Vocabulary

Relevant Vocabulary

Alternate Interior Angles: Let line t be a transversal to lines [ and m such that t intersects [ at point P and intersects m at
point Q. Let R be a point on line  and S be a point on line m such that the points R and S lie in opposite half-planes of t.
Then £RPQ and 2PQS are called alternate interior angles of the transversal t with respect to line m and line L.

Corresponding Angles: Let line  be a transversal to lines [ and m. If 2x and 2y are alternate interior angles, and 2y and
£z are vertical angles, then 2x and 2z are corresponding angles.

Exit Ticket (5 minutes)
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Name Date

Lesson 7: Solving for Unknown Angles—Transversals

Exit Ticket

Determine the value of each variable.
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Exit Ticket Sample Solutions

Determine the value of each variable.

x =28.75
y =135.5
z=144.5

Problem Set Sample Solutions

Find the unknown (labeled) angles. Give reasons for your solutions.

1.
110°
80°
mza = 40°, If parallel lines are cut by a transversal, then
310° alternate interior angles are equal in measure
a AN
2.
b c mzsb = 48°, If parallel lines are cut by a transversal, then

corresponding angles are equal in measure
94° 46°
mz«c = 46°, Vertical angles are equal in measure;
If parallel lines are cut by a transversal, then corresponding
angles are equal in measure
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3.
mzd = 50°, If parallel lines are cut by a transversal, then
122° e alternate interior angles are equal in measure
d mcze = 50°, If parallel lines are cut by a transversal, then
72° alternate interior angles are equal in measure
4.

mzsf = 82°, If parallel lines are cut by a transversal, then
interior angles on the same side are supplementary;
Vertical angles are equal in measure
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% Lesson 8: Solve for Unknown Angles—Angles in a Triangle

Student Outcome

=  Students review formerly learned geometry facts and practice citing the geometric justifications regarding
angles in a triangle in anticipation of unknown angle proofs.

Lesson Notes

In Lesson 8, the unknown angle problems expand to include angles in triangles. Knowing how to solve for unknown
angles involving lines and angles at a point, angles involving transversals, and angles in triangles, students are prepared
to solve unknown angles in a variety of diagrams.

Check the justifications students provide in their answers. The next three lessons on unknown angle proofs depend even
more on these justifications.

Classwork
Opening Exercise (5 minutes)

Review the Problem Set from Lesson 7; students will also attempt a review question from Lesson 7 below.

Opening Exercise

Find the measure of angle x in the figure to the right. Explain your
calculations. (Hint: Draw an auxiliary line segment.) 350

msx = 37°

Discussion (5 minutes)

Review facts about angles in a triangle.

Discussion
The sum of the 3 angle measures of any triangle is _180°.
Interior of a Triangle: A point lies in the interior of a triangle if it lies in the interior of each of the angles of the triangle.

In any triangle, the measure of the exterior angle is equal to the sum of the measures of the _opposite interior _angles.
These are sometimes also known as _ remote interior _angles.

Base angles of an __isosceles _triangle are equal in measure.

Each angle of an equilateral triangle has a measure equal to 60°.
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Relevant Vocabulary (2 minutes)

Relevant Vocabulary
Isosceles Triangle: An isosceles triangle is a triangle with at least two sides of equal length.

Angles of a Triangle: Every triangle A ABC determines three angles, namely, ZBAC, 2ABC, and £ZACB. These are called
the angles of A ABC.

Exterior Angle of a Triangle: Let ZABC be an interior angle of a triangle A ABC, and let D be a point on AB such that B is
between 4 and D. Then 2CBD is an exterior angle of the triangle A ABC.

Use a diagram to remind students that an exterior angle of a triangle forms a linear pair with an adjacent interior angle
of the triangle.

Exercises (30 minutes)

Students try an example based on the Discussion, and review as a whole class.

Exercises
1.  Find the measures of angles a and b in the figure to the right. Justify your
results.
93°
mzsa = 53° 69°  5ge

msb = 40° a

In each figure, determine the measures of the unknown (labeled) angles. Give reasons for your calculations.

2.
mzsza = 36°

Exterior angle of a triangle equals the sum of the two

interior opposite angles
42° 78°

3. mzb = 136°

68° The base angles of an isosceles triangle are equal in
measure;

b The sum of the angle measures in a triangle is 180°;

Linear pairs form supplementary angles

4. msc = 26°
The sum of the angle measures in a triangle is 180°
mzd = 31°

c 95 64 Linear pairs form supplementary angles;

The sum of the angle measures in a triangle is 180°
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mzse = 51°
Linear pairs form supplementary angles;

The sum of the angle measures in a triangle is 180°

785 m.f = 30°

If parallel lines are cut by a transversal, then
corresponding angles are equal in measure;
a8° § Linear pairs form supplementary angles;

The sum of the angle measures in a triangle is 180°

mzszg = 143°

If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure;

94° Linear pairs form supplementary angles;

The sum of the angle measures in a triangle is 180°

mch = 127°

Draw an auxiliary line, then use the facts that linear pairs
form supplementary angles and the sum of the angle
measures in a triangle is 180°

msi = 60°

If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure;

Linear pairs form supplementary angles (twice);

Sum of the angle measures in a triangle is 180°
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10.
mzsj = 50°
If parallel lines are cut by a transversal, the alternate
10x - 20 interior angles are equal in measure;
Linear pairs form supplementary angles
11.

mzk = 56°

Exit Ticket (3 minutes)
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Exit Ticket

Find the value of d and x.

113°
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Exit Ticket Sample Solutions

Find the value of d and x.

d=41
x =36

Problem Set Sample Solutions

Find the unknown (labeled) angle in each figure. Justify your calculations.

1. msa = 44°

95°)
If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure;
390 Linear pairs form supplementary angles;

Sum of the angle measures in a triangle equals 180°

msb = 58°

If parallel lines are cut by a transversal, then alternate
interior angles are equal in measure

58°

msc = 47°

The base angles of an isosceles triangle are equal in
measure;

Sum of the angle measures in a triangle is 180°;

Exterior angle of a triangle equals the sum of the two
interior opposite angles;

Sum of the angle measures in a triangle is 180°
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Lesson 9: Unknown Angle Proofs—Writing Proofs

Student Outcomes

=  Students write unknown angle proofs, using already accepted geometry facts

Lesson Notes

In Lesson 9, students make the transition from unknown angle problems to unknown angle proofs. Instead of solving for
a numeric answer, students need to justify a particular relationship. Students are prepared for this as they have been
writing a reason for each step of their numeric answers in the last three lessons.

Begin the lesson with a video clip about Sherlock Holmes. Holmes examines a victim and makes deductions about the
victim’s attacker. He makes each deduction based on several pieces of evidence the victim provides. The video clip sets
the stage for the deductive reasoning students must use to write proofs. Each geometric conclusion must be backed up
with a concrete reason, a fact that has already been established. Following the video clip, lead the class through the
example proof, eliciting the similarities and differences between the sample problem and subsequent proof questions.
Emphasize that the questions still draw on the same set of geometric facts used to solve problems and steps that are
purely algebraic (some kind of arithmetic) do not require a justification. Students attempt an example and review
together before beginning the exercises.

As students embark on the exercises, teachers can periodically review or ask for student solutions to ensure that they
are formulating their steps clearly and providing appropriate reasons.

Note that in writing proofs, students draw upon many of the properties that they learned in middle school; some
instruction on these may be necessary. A chart of frequently used properties is provided at the end of this lesson that
may be used to supplement instruction or for student reference. Note that although the concept of congruence has not
yet been discussed, the first three properties (Reflexive, Transitive, and Symmetric) hold for congruence as well.

Classwork
Opening Exercise (5 minutes)
Students watch video clip:

= In this example, students will watch a video clip and discuss the connection between Holmes's process of
identifying the attacker and the deduction used in geometry.

=  Emphasize that Holmes makes no guesses and that there is a solid piece of evidence behind each conclusion.

Opening Exercise

One of the main goals in studying geometry is to develop your ability to reason critically, to draw valid conclusions based
upon observations and proven facts. Master detectives do this sort of thing all the time. Take a look as Sherlock Holmes
uses seemingly insignificant observations to draw amazing conclusions.

Sherlock Holmes: Master of Deduction!

Could you follow Sherlock Holmes’s reasoning as he described his thought process?

Lesson 9: Unknown Angle Proofs—Writing Proofs n
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Discussion (10 minutes)
Students examine the similarities and differences between unknown angle problems and proofs.

Remind students that they are drawing on the same set of facts they have been using in the last few days. Tell students
that the three dots indicate that the proof has been completed.

Discussion

In geometry, we follow a similar deductive thought process (much like Holmes’ uses) to prove geometric claims. Let’s
revisit an old friend—solving for unknown angles. Remember this one?

You needed to figure out the measure of a, and used the “fact” that an exterior
angle of a triangle equals the sum of the measures of the opposite interior angles.
The measure of Za must, therefore, be 36°.

42° 78°

Suppose that we rearrange the diagram just a little bit.

Instead of using numbers, we will use variables to represent angle measures.

Suppose further that we already know that the angles of a triangle sum to 180°.

Given the labeled diagram at the right, can we prove that x + y = z (or, in other v
words, that the exterior angle of a triangle equals the sum of the measures of the

opposite interior angles)?

X z
Proof:
Label 2w, as shown in the diagram.
y

X w/ z
msx + msy + mzw = 180° Sum of the angle measures in a triangle is 180°
msw +mzsz = 180° Linear pairs form supplementary angles
msx + m4y +msw = mLZw + msz Substitution property of equality
LMm4X +msy =msz Subtraction property of equality

Notice that each step in the proof was justified by a previously known or demonstrated fact. We end up with a newly
proven fact (that an exterior angle of any triangle is the sum of the measures of the opposite interior angles of the
triangle). This ability to identify the steps used to reach a conclusion based on known facts is deductive reasoning (i.e.,
the same type of reasoning that Sherlock Holmes used to accurately describe the doctor’s attacker in the video clip.)

MMON Lesson 9: Unknown Angle Proofs—Writing Proofs n
CQMMON | = o engage"’

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; ICC BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 9 m 0

GEOMETRY

Exercises (25 minutes)

Exercises
1.  You know that angles on a line sum to 180°. X y
w
Prove that vertical angles are equal in measure. z
Make a plan:
. What do you know about 2w and 2x? 2y and 2x?
They sum to 180°.
Note to Teacher:
- What conclusion can you draw based on both pieces of knowledge? There are different ways of
msw = msy notating the “Given” and
“Prove.” Alternate pairings
MP.7 . Write out your proof: include Hypothe5|s/
& ) ] Conclusion” and “Suppose/
MP.8 msw + msx = 180 Linear pairs form supplementary angles Then.” The point is that we
msy + msx = 180° Linear pairs form supplementary angles begin with what is observed
msw + m4sx = m4y + msx Substitution property of equality and end with what is deduced.
 M4W = msy Subtraction property of equality

2.  Given the diagram to the right, prove that mzw + mzx + mzz = 180°.

(Make a plan first. What do you know about 2x, 2y, and £z?) w
msy +msx +msz = 180° Sum of the angles of a triangle is 180°.

msy = mszw Vertical angles are equal in measure.

» msw + msx + mszz = 180° Substitution property of equality

Given the diagram to the right, prove that mzw = mzy + mzz.

msw = ms4x + msz Exterior angle of a triangle equals the sum of the y
two interior opposite angles <

msx = msy Vertical angles are equal in measure

SoM4W = mly + msz Substitution property of equality w z

3. Inthe diagram to the right, prove that m2y + msz = msw + m«x.
(You will need to write in a label in the diagram that is not labeled yet for this

proof.)

msa + msx + mzw = 180° Exterior angle of a triangle
equals the sum of the two
interior opposite angles

msa+ msz + mzy = 180° Exterior angle of a triangle

equals the sum of the two interior opposite angles

msa +msx + mZw = msa +msz +msy  Substitution property of equality

Som4x + m4w = msz + msy Subtraction property of equality
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4. Inthe figure to the right, 4B || CD and BC || DE.
Prove that m£ABC = m+CDE. D
B
ms£ABC = m«DCB When two parallel lines are cut by a E
transversal, the alternate interior angles c

are equal in measure.

msDCB = m«CDE When two parallel lines are cut by a A
transversal, the alternate interior angles
are equal in measure.

mzABC = m«CDE Substitution property of equality

5.  The figure to the right, prove that the sum of the angles marked by arrows is 900°.

(You will need to write in several labels into the diagram for this proof.)

a+b+c+d=360 Angles at a point sum to 360°
e+f+g+h=360 Angles at a point sum to 360°
i+j+k+m=360 Angles at a point sum to 360°
a+b+c+d+e+f+g+h+i+k+m=1080 Substitution property of
equality
d+h+i=180 Sum of the angle measures in a triangle is 180°
“a+b+c+e+f+g+j+k+m=900 Subtraction property of equality
[ — z E
6. Inthe figure to the right, prove that DC 1 EF. ¢

Draw in label Z. s 60"
msE + mzZA + mzEFA = 180° Sum of the angle

measures in a

triangle is 180° VA

D F

mzsEFA = 60° Subtraction property ®

of equality
msB + mzC + m«CDB = 180° Sum of the angle measures in a triangle is 180°
m«CDB = 30° Subtraction property of equality

m«CDB + m£EFA + m<EZC = 180° Sum of the angles of a triangle equals 180°.
mzEZC = 90° Subtraction property of equality

DC L EF Perpendicular lines form 90° angles.

Exit Ticket (5 minutes)
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Name Date
Lesson 9: Unknown Angle Proofs—Writing Proofs
Exit Ticket
In the diagram to the right, prove that the sum of the labeled angles is 180°.
X
z ¥
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GEOMETRY

In the diagram to the right, prove that the sum of the labeled angles is 180°.

Label Lw, vertical to £x

msw = msx Vertical angles are equal in measure.
msz +msw + msy = 180° Angles on a line sum to 180° z
msz +msx + msy = 180° Substitution property of equality

Problem Set Sample Solutions

1. Inthe figure to the right, prove that m || n.

mza + 138° = 180° Linear pairs form supplementary angles.
msb = 42° Vertical angles are equal in measure.
mzsa = 42° Subtraction property of equality

msa = mszb Substitution property of equality

Sm || n If two lines are cut by a transversal such

parallel

2. Inthe diagram to the right, prove that the sum of the angles marked by
arrows is 360°.

a+b =180 Linear pairs form supplementary angles
c+d=180 Linear pairs form supplementary angles
e+ f =180 Linear pairs form supplementary angles

a+b+c+d+e+f =540 Addition property of equality

b+d+f =180 Sum of the angle measures in a triangle
equals 180°
~a+c+e=360 Subtraction property of equality

3. Inthe diagram at the right, prove that mza + mzd — m«b = 180°.

msza = msb + mzsc If parallel lines are cut by a transversal,
then alternate interior angles are equal in
measure

msc + mzd = 180° If parallel lines are cut by a transversal, c

that a pair of alternate interior angles are equal in meaure, then the lines are

then interior angles on the same side are
supplementary

mza —msb + mzd = 180° Addition of zero/additive identity property

msa + mzd — msb = 180° Substitution property of equality
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GEOMETRY

Property

Meaning

Geometry Example

Reflexive Property

A quantity is equal to itself.

Transitive Property

If two quantities are equal to the same
quantity, then they are equal to each
other.

If AB = BC and BC = EF, then

Symmetric Property

If a quantity is equal to a second quantity,
then the second quantity is equal to the
first.

If OA = AB, then AB = OA.

Addition Property of Equality

If equal quantities are added to equal
quantities, then the sums are equal.

If AB = DF and BC = CD, then
AB + BC = DF + CD.

Subtraction Property of Equality

If equal quantities are subtracted from

equal quantities, the differences are equal.

If AB + BC = CD + DE and
BC = DE, then AB = CD.

Multiplication Property of Equality

If equal quantities are multiplied by equal
guantities, then the products are equal.

IfmzABC = mzXYZ, then
2(mzABC) = 2(msXYZ).

Division Property of Equality

If equal quantities are divided by equal
guantities, then the quotients are equal.

If AB = XY, then < =5

AB XY

Substitution Property of Equality

A quantity may be substituted for its equal.

If DE + CD = CE and CD = AB,
then DE + AB = CE.

Partition Property (includes “Angle
Addition Postulate,” “Segments
add,” “Betweenness of Points,”
etc.)

A whole is equal to the sum of its parts.

If point C is on 4B, then
AC + CB = AB.
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GEOMETRY

Lesson 10: Unknown Angle Proofs—Proofs with

Constructions

Student Outcome

=  Students write unknown angle proofs involving auxiliary lines.

Lesson Notes

On the second day of unknown angle proofs, students incorporate the use of constructions, specifically auxiliary lines, to
help them solve problems. In this lesson, students refer to the same list of facts they have been working with in the last

few lessons. What sets this lesson apart is that necessary information in the diagram may not be apparent without some
modification. One of the most common uses for an auxiliary line is in diagrams where multiple sets of parallel lines exist.
Encourage students to mark up diagrams until the necessary relationships for the proof become more obvious.

Classwork
Opening Exercise (7 minutes)

Review the Problem Set from Lesson 9. Then, the whole class works through an example of a proof requiring auxiliary
lines.

Opening Exercise

In the figure to the right, AB || DE and BC || EF. Provethath =e. (Hint:
Extend BC and ED.)

Proof:

b= If parallel lines are cut by a transversal, then alternate interior angles are equal in measure
z=e If parallel lines are cut by a transversal, then alternate interior angles are equal in measure
b=e Transitive property

In the previous lesson, you used deductive reasoning with labeled diagrams to prove specific conjectures. What is
different about the proof above?
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Drawing or extending segments, lines, or rays (referred to as auxiliary lines) is frequently useful in demonstrating steps in
the deductive reasoning process. Once BC and ED were extended, it was relatively simple to prove the two angles
congruent based on our knowledge of alternate interior angles. Sometimes there are several possible extensions or
additional lines that would work equally well.

For example, in this diagram, there are at least two possibilities for
auxiliary lines. Can you spot them both?

Given: 4B || CD.

Prove: z=x+y. z°

AN

Discussion (9 minutes)

Students explore different ways to add auxiliary lines (construction) to the same diagram.

Discussion
Here is one possibility:

_ A x° B
Given: AB || CD.
Prove: z = x + y.
Extend the transversal as shown by the dotted line in the diagram. z

/
Label angle measures v and w, as shown.
& ' C AV we D
What do you know about v and x? Y \&
/
About w and y? How does this help you? Y
Write a proof using the auxiliary segment drawn in the diagram to the right.
Z=v+w Exterior angle of a triangle equals the sum of the two interior opposite angles (remote) interior
X=v If parallel lines are cut by a transversal, then corresponding angles are equal in measure
y=w If parallel lines are cut by a transversal, then corresponding angles are equal in measure
Z=v+w Angle addition postulate
zZ=x+Yy Substitution property of equality
Another possibility appears here: A B
Given: 4B || CD.
Prove: z=x+y.
Draw a segment parallel to AB through the vertex of the angle measuring
z degrees. This divides it into angles two parts as shown. c \\ D
v
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What do you know about v and x?

They are equal since they are corresponding angles of parallel lines crossed by a transversal.

About w and y? How does this help you?

They are also equal in measure since they are corresponding angles of parallel lines crossed by a transversal.

Write a proof using the auxiliary segment drawn in this diagram. Notice how this proof differs from the one above.
X=v If parallel lines are cut by a transversal, the corresponding angles are equal.
y=w If parallel lines are cut by a transversal, the corresponding angles are equal.

Z=v+w Angle addition

z=x+y Substitution

Examples (25 minutes)

Examples

1. Inthe figure at the right, AB || CD and BC || DE.
Prove that mZABC = mzCDE.

(Is an auxiliary segment necessary?)

msZABC = m«BCD If parallel lines are cut by a transversal, then B
alternate interior angles are equal in measure C

msBCD = m«CDE If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

mzABC = m«CDE Transitive property

2. Inthe figure at the right, 4B || CD and BC || DE.
Prove that b + d = 180.

Label c°.

b=c If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

c+d=180 If parallel lines are cut by a transversal, then

same-side interior angles are supplementary.

b+d=180 Substitution property of equality
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GEOMETRY

3. Inthe figure at the right, prove thatd = a + b + c.

Label Z and z.

z=b+c Exterior angle of a triangle equals the sum of
the two interior opposite angles

d=z+a Exterior angle of a triangle equals the sum of

the two interior opposite angles

d=a+b+c Substitution property of equality

Exit Ticket (5 minutes)
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GEOMETRY

Name Date

Lesson 10: Unknown Angle Proofs—Proofs with Constructions

Exit Ticket
Write a proof for each question. Po
1. Inthe figure at the right, AB || CD. Prove that a = b. A > B
C > D
a°

2. Provemsp = msr.

p
7
4(
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Exit Ticket Sample Solutions
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Write a proof for each question.

Write in angles ¢ and d.

2.  Prove msZp = m<sr.

Mark angles a, b, c and d.

mzsd = msc

msp = msq

msa = msb

msq = msr

msp = msr

msp + mzd = mzc + msq

msq + msb = mza + msr

1.  Inthe figure at the right, AB || CD. Prove thata = b.

A4
a=c Vertical angles are equal in measure.
c=d If parallel lines are cut by a transversal, C
then alternate interior angles are equal in
measure
d=b Vertical angles are equal in measure.
a=»hb Substitution property of equality

If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

Subtraction property of equality

If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

If parallel lines are cut by a transversal, then
alternate interior angles are equal in measure

Subtraction property of equality

Substitution property of equality

GEOMETRY
> B
> D

Problem Set Sample Solutions

msABC = msEZC

msEZC = m£DEF

msABC = msDEF

1. Inthe figure to the right, AB || DE and BC || EF.
Prove that mZABC = mzDEF.

Extend DE through BC, and mark the intersection with BC as Z.

If parallel lines are cut by a transversal, then
corresponding angles are equal in measure

If parallel lines are cut by a transversal, then
corresponding angles are equal in measure

Transitive property
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2. Inthe figure to the right, AB || CD.
Prove that mzZAEC = a° + c°. F c
A
Draw in line through E parallel to AB and CD; ale
a°® c°

Add point F. E
m«BAE = mzAEF If parallel lines are cut by a transversal, then

alternate interior angles are equal in measure
m«DCE = mzFEC If parallel lines are cut by a transversal, then J

alternate interior angles are congruent equal in B L

measure
mzAEC = a° + ¢° Angle addition postulate
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GEOMETRY

Lesson 11: Unknown Angle Proofs—Proofs of Known Facts

Student Outcomes

=  Students write unknown angle proofs involving known facts.

Lesson Notes

In this last lesson on unknown angle proofs, students use their proof-writing skills to examine facts already familiar to
them (i.e., the sum of angles of a triangle is 180° and vertical angles are congruent). This offers students a why and a
how to this body of information. Proving known facts also makes students aware of the way this list grows because
proving one fact allows the proof of the next fact.

Students begin by reviewing the Problem Set from Lesson 10. Then, they explore a known fact: Opposite angles of
parallelograms are equal in measure. After working through the proof as a whole class, the teacher should point out
that although we have a body of familiar geometry facts, we have never explored them to make sure they were true.
Demonstrate with the examples provided that it is possible to use one basic fact to build to the next. After the notes,
share the video clip about Eratosthenes and his use of geometry (especially the use of alternate interior angles in the
thought process) to find the circumference of Earth. Then, do Example 1 and also discuss the use of the converse
parallel line theorems and their abbreviations. Consider demonstrating why the converse holds true, for example, by
asking a helper to hold up a ruler (the transversal) and a second helper to hold two rulers, one in each hand. Ask them
to show what the rulers do to test a converse parallel line theorem. End class with the problem set assignment.

Classwork
Note to Teacher:

Opening Exercise (8 minutes) Remind students that a

Review the Problem Set from Lesson 10. Students engage in a whole-class discussion theorem is often stated as an
about proving known facts, beginning with a specific example. If-then,” as:

If “hypothesis,” then

Opening Exercise R
pening “conclusion.”

A proof of a mathematical statement is a detailed explanation of how that statement follows
logically from other statements already accepted as true.

A theorem is a mathematical statement with a proof.

Consider taking a moment to mention that theorems can be stated without reference to any specific, labeled diagram.
However, we cannot take steps to prove a statement without a way of referring to parts. Students will observe
situations where the labels are provided and situations where they must draw diagrams and label parts.
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GEOMETRY

Discussion (15 minutes)

Students use the facts already provided in a list to prove each successive fact.

Discussion

Once a theorem has been proved, it can be added to our list of known facts and used in proofs of other theorems. For
example, in Lesson 9 we proved that vertical angles are of equal measure, and we know (from earlier grades and by paper
cutting and folding) that if a transversal intersects two parallel lines, alternate interior angles are of equal measure. How
do these facts help us prove that corresponding angles are congruent?

Answers may vary.

In the diagram to the right, if you are given that AB || CD, how can you use
your knowledge of the congruence of vertical angles and alternate interior
angles to prove that x = w?

w = z (Vertical angles are congruent); z = x (Alternate interior angles);
X = W (Substitution)

You now have available the following facts:

- Vertical angles are equal in measure.

. Alternate interior angles are equal in measure.

- Corresponding angles are equal in measure.

Use any or all of these facts to prove that interior angles on the same side of the transversal are supplementary. Add any
necessary labels to the diagram below, and then write out a proof including given facts and a statement of what needs to

be proved.
E
A é B
Given: AB || CD, transversal EF c H D
Prove: msZBGH + mZDHG = 180°
AB | CD Given F
msBGH + m£AGH = 180° Linear pairs form supplementary angles
msAGH = m«zDHG If parallel lines are cut by a transversal, then alternate interior angles are equal in
measure
m«BGH + mzZDHG = 180° Substitution property of equality

Now that you have proven this, you may add this theorem to your available facts.

- Interior angles on the same side of the transversal that intersects parallel lines sum to 180°.
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Use any of these four facts to prove that the three angles of a triangle sum to 180°. For this proof, you will need to draw
an auxiliary line parallel to one of the triangle’s sides and passing through the vertex opposite that side. Add any

necessary labels, and write out your proof. J A X
Draw in auxiliary line JK so that]? | EF.

d+a+e=180 Angles on a line sum to 180°

d=»b If parallel lines are cut by a transversal, then alternate interior angles are equal in measure
e=c If parallel lines are cut by a transversal, then alternate interior angles are equal in measure
a+b+c=180 Substitution property of equality

Let’s review the theorems we have now proven:

. Vertical angles are equal in measure.

- A transversal intersects a pair of lines. The pair of lines is parallel if and only if,
a Alternate interior angles are equal in measure.
o Corresponding angles are equal in measure.
- Interior angles on the same side of the transversal add to 180°. The sum of the degree measures of the

angles of a triangle is 180°.

= What is the absolute shortest list of facts from which all other facts can be derived?

Side Trip: Take a moment to take a look at one of those really famous Greek guys we hear so much about in geometry,
Eratosthenes. Over 2, 000 years ago, Eratosthenes used the geometry we have just been working with to find the
circumference of Earth. He did not have cell towers, satellites, or any other advanced instruments available to scientists
today. The only things Eratosthenes used were his eyes, his feet, and perhaps the ancient Greek equivalent to a
protractor.

Watch this video to see how he did it, and try to spot the geometry we have been using throughout this lesson.

Eratosthenes solves a puzzle

Examples 1-2 (17 minutes)

Students try one example and discuss the converse of parallel line theorems.
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Example 1
Construct a proof designed to demonstrate the following:
If two lines are perpendicular to the same line, they are parallel to each other.
(a) Draw and label a diagram, (b) state the given facts and the conjecture to be proved, and (c) write out a clear statement
of your reasoning to justify each step.
A C
1 [
E G T F
Given: AB 1 EF, CD 1 EF
o B D
Prove: AB || CD
msAGH = 90°;, m£CHF = 90° Perpendicular lines form 90° angles.
msAGH = m«CHF Transitive property (since m2AGH = 90° and m«£CHF = 90°)
AB | CD If two lines are cut by a transversal such that a pair of corresponding angles
are equal in meaure, then the lines are parallel

Discussion

Show a brief example of one parallel line theorem in both directions, the original theorem and its converse, to ensure
students understand how to use the converse (one way is using the student helpers mentioned in the overview).

Each of the three parallel line theorems has a converse (or reversing) theorem as follows:

Original Converse
If two parallel lines are cut by a transversal, then If two lines are cut by a transversal such that alternate
alternate interior angles are congruent. interior angles are congruent, then the lines are parallel.

If two lines are cut by a transversal such that
corresponding angles are congruent, then the lines are
parallel.

If two parallel lines are cut by a transversal, then
corresponding angles are congruent.

If two lines are cut by a transversal such that interior
angles on the same side of the transversal add to 180°,
then the lines are parallel.

If two parallel lines are cut by a transversal, then interior
angles on the same side of the transversal add to 180°.

Notice the similarities between the statements in the first column and those in the second. Think about when you would
need to use the statements in the second column, i.e., the times when you are trying to prove two lines are parallel.
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Example 2
In the figure at the right, x = y.

Prove that AB || EF.

xX=y Given

AB || EF If two lines are cut by a transversal such that
a pair of corresponding angles are equal in
meaure, then the lines are parallel

Exit Ticket (5 minutes)
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Lesson 11: Unknown Angle Proofs—Proofs of Known Facts

Exit Ticket

In the diagram at the right, prove that mzd + mze — mza = 180°.
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Exit Ticket Sample Solution

o

In the diagram at the right, prove that mzd + mze — mza = 180°.

Draw auxiliary lines, and label Zs as shown.

msa = m4x If parallel lines are cut by a transversal, then alternate interior angles are equal in
measure

msy = mse — msx Angle postulate

msy = msz If parallel lines are cut by a transversal, then corresponding angles are equal in
measure

mzsd + mzz = 180° Linear pairs form supplementary angles.

mzsd + mze — mza = 180° Substitution property of equality

Problem Set Sample Solutions

1. Given: £C and 4D are supplementary and mzZB = mzD.
Prove: AB || CD
B Cc
A D
2C and 4D are supplementary Given
mzsC + mzD = 180° Definition of supplementary angles
msB = msD Given
msC + msB = 180° Substitution
AB || CD If two lines are cut by a transversal such that a pair of interior angles on the
same side are supplementary, then the lines are parallel
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2. Atheorem states that in a plane, if a line is perpendicular to one of two parallel lines and intersects the other, then
it is perpendicular to the other of the two parallel lines.
Prove this theorem. (a) Construct and label an appropriate figure, (b) state the given information and the theorem
to be proven, and (c) list the necessary steps to demonstrate the proof.
A C
Given: AB || CD, EF L AB, EF intersects CD
Prove: EF 1L CD
ul ul
E G T F
AB || CD, EF L AB Given
m«BGH = 90° Definition of perpendicular lines B D
msBGH = m«zDHF If parallel lines are cut by a transversal, then corresponding angles are equal in measure
EF L CD If two lines intersect to form a right angle, then the two lines are perpendicular

Lesson 11: Unknown Angle Proofs—Proofs of Known Facts n
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4( Mathematics Curriculum

GEOMETRY ¢ MODULE 1

Topic C:
Transformations/Rigid Motions

G-CO.A.2, G-CO.A.3, G-CO.A.4, G-CO.A.5, G-CO.B.6, G-CO.B.7, G-CO.D.12

Focus Standard: G-CO.A.2 Represent transformations in the plane using, e.g., transparencies and
geometry software; describe transformations as functions that take points in
the plane as inputs and give other points as outputs. Compare transformations
that preserve distance and angle to those that do not (e.g., translation versus
horizontal stretch).

G-CO.A.3 Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the
rotations and reflections that carry it onto itself.

G-CO.A4 Develop definitions of rotations, reflections, and translations in terms of
angles, circles, perpendicular lines, parallel lines, and line segments.

G-CO.A5 Given a geometric figure and a rotation, reflection, or translation, draw the
transformed figure using, e.g., graph paper, tracing paper, or geometry
software. Specify a sequence of transformations that will carry a given figure
onto another.

G-CO.B.6 Use geometric descriptions of rigid motions to transform figures and to predict
the effect of a given rigid motion on a given figure; given two figures, use the
definition of congruence in terms of rigid motions to decide if they are
congruent.

G-C0.B.7 Use the definition of congruence in terms of rigid motions to show that two
triangles are congruent if and only if corresponding pairs of sides and
corresponding pairs of angles are congruent.

G-C0.D.12  Make formal geometric constructions with a variety of tools and methods
(compass and straightedge, string, reflective devices, paper folding, dynamic
geometric software, etc.). Copying a segment; copying an angle; bisecting a
segment; bisecting an angle; constructing perpendicular lines, including the
perpendicular bisector of a line segment; and constructing a line parallel to a
given line through a point not on the line.

Date: 6/13/14
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Instructional Days: 10
Lesson 12: Transformations—The Next Level (M)?
Lesson 13: Rotations (E)
Lesson 14: Reflections (E)
Lesson 15: Rotations, Reflections, and Symmetry (E)
Lesson 16: Translations (E)
Lesson 17: Characterize Points on a Perpendicular Bisector (S)
Lesson 18: Looking More Carefully at Parallel Lines (S)
Lesson 19: Construct and Apply a Sequence of Rigid Motions (S)
Lesson 20: Applications of Congruence in Terms of Rigid Motions (S)

Lesson 21: Correspondence and Transformations (P)

In Topic C, students are reintroduced to rigid transformations, specifically rotations, reflections, and
translations. Students first saw the topic in Grade 8 (8.G.A.1-3) and developed an intuitive understanding of
the transformations, observing their properties by experimentation. In Topic C, students develop a more
exact understanding of these transformations. Beginning with Lesson 12, they will discover what they do not
know about the three motions. The lesson is designed to elicit the gap in students’ knowledge, particularly
the fact that they need to learn the language of the parameters of each transformation. During this lesson,
they will also learn to articulate what differentiates rigid motions from non-rigid motions. Students examine
each transformation more closely in Lessons 13 through 16, developing precise definitions of each and
investigating how rotations and reflections can be used to verify symmetries within certain polygons. In
Lessons 17 and 18, students will use their construction skills in conjunction with their understanding of
rotations and reflections to verify properties of parallel lines and perpendicular lines. With a firm grasp of
rigid motions, students then define congruence in Lesson 19 in terms of rigid motions. They will be able to
specify a sequence of rigid motions that will map one figure onto another. Topic C closes with Lessons 20 and
21, in which students examine correspondence and its place within the discussion of congruency.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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m Lesson 12: Transformations—The Next Level

Student Outcome
=  Students discover the gaps in specificity regarding their understanding of transformations.

= Students identify the parameters needed to complete any rigid motion.

Lesson Notes

Transformations follow the unknown angles topic. Students enter high school Geometry with an intuitive understanding
of transformations, as well as knowing how to illustrate transformations on the coordinate plane. However, they lack a
comprehensive understanding of the language of transformations. This topic provides students with the language
necessary to speak with precision about transformations and ultimately leads to defining congruence.

The Mathematical Modeling Exercise of this lesson builds fluency by reviewing rotations, reflections, and translations, in
addition to probing for gaps in students’ knowledge. During this partner exercise, one partner is provided the details of
a given transformation; the other partner has the pre-image and must try to perform the transformation based on his
partner’s verbal description (they can pretend as if they are working over the phone). The purpose of this exercise is to
have students realize that they may have an intuitive sense of the effect of a given transformation but that making a
precise verbal description that another student can follow requires much more effort. In the Discussion, students have
the opportunity to describe what they need to know to make each type of transformation happen. The lesson ends with
a Problem Set on rotations as a pre-cursor to Lesson 13.

Classwork
Opening Exercises 1-2 (12 minutes)

Students take a quiz on content from Lessons 6—11. Below are sample responses to the quiz questions:

Opening Exercises 1-2
MP.7 1.  Find the measure of each lettered angle in the figure below.
&
MP.8
a=115 b =115 c=67 d=23 e =117
f=124 g =101 h=179 i=79 j=101

Lesson 12: Transformations—The Next Level n
CQMMON | o D engage™ =
This work is licensed under a

© 2014 Common Core, Inc. Some rights reserved. commoncoreorg ch BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 12 m 0

GEOMETRY

AB | CD |l EF || GH
ZMPO = 90°

MP.7

MP.8
2. Given: mzZCDE = mzBAC
Prove: mzZDEC = mzZABC

msCDE = mzZBAC Given

msCDE + m«DCE + m«DEC = 180° Sum of the angle measures in a triangle is 180°
msBAC + m£DCE + mzZABC = 180° Sum of the angle measures of a triangle is 180°
msCDE + msDCE + mzDEC Substitution property of equality

m«BAC + m«DCE + mzZABC

m«DEC = mzABC Subtraction property of equality

Mathematical Modeling Exercise (15 minutes)

Students discover what they do not know about rotations, reflections, and translations through a partner exercise. The
cards mentioned are in the Lesson 12 supplement; there are three pairs of cards. Photocopy and split the pair of images
from each transformation card. For the first round of the activity, assign Partner A with pre-image/image cards, assign
Partner B with the pre-image cards. Switch card assignments after the first round.

Lesson 12: Transformations—The Next Level n
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Mathematical Modeling Exercise
You will work with a partner on this exercise and are allowed a protractor, compass, and straightedge.

- Partner A: Use the card your teacher gives you. Without showing the card to your partner, describe to your
partner how to draw the transformation indicated on the card. When you have finished, compare your
partner’s drawing with the transformed image on your card. Did you describe the motion correctly?

- Partner B: Your partner is going to describe a transformation to be performed on the figure on your card.
Follow your partner’s instructions and then compare the image of your transformation to the image on your
partner’s card.

Discussion (15 minutes)

It is critical that students understand transformations as functions that take a set of points as inputs, apply a given “rule”
and output a new location for the image of the input points. The input points DO NOT MOVE, nor does the plane. (An
analogy can be made to documents faxed to another location. The person sending the fax still retains the original. The
machine simply sends an image to another location.) In addition, students must understand that two transformations
are the same if they produce the same image. Remind students that the function f(x) = x? — 1 is equivalent to the
function g(x) = (x + 1)(x — 1). Although different procedures are followed to obtain the values of f(x) and g(x),
given the same input, both output values will be identical; therefore, the two functions are equal. This applies to
geometric functions as well.

Discussion

Explaining how to transform figures without the benefit of a coordinate plane can be difficult without some important
vocabulary. Let’s review.

The word transformation has a specific meaning in geometry. A transformation F of the plane is a function that assigns
to each point P of the plane a unique point F(P) in the plane. Transformations that preserve lengths of segments and
measures of angles are called _ basic rigid motions . A dilation is an example of a transformation that preserves _angle
measures but not the lengths of segments. In this lesson, we will work only with rigid transformations. We call a figure
that is about to undergo a transformation the _ pre-image , while the figure that has undergone the transformation is
called the _image .

Rotation

R
R

Translation

Using the figures above, identify specific information needed to perform the rigid motion shown.

Lesson 12: Transformations—The Next Level n
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For a rotation, we need to know:

Center of rotation, direction (Clockwise (CW) or Counterclockwise (CCW)) and number of degrees rotated.

For a reflection, we need to know:

The line of reflection acts as the perpendicular bisector of each segment that joins a given vertex of the pre-image with
the respective vertex of the image.

For a translation, we need to know:

The point P to be translated, the length and degree measure of the angle that the vector makes with the line that passes
through P and the endpoint of the vector.

Geometry Assumptions

We have now done some work with all three basic types of rigid motions (rotations, reflections, and translations). At this
point, we need to state our assumptions as to the properties of basic rigid motions:

a. Any basic rigid motion preserves lines, rays, and segments. That is, for a basic rigid motion of the plane, the
image of a line is a line, the image of a ray is a ray, and the image of a segment is a segment.

b.  Any basic rigid motion preserves lengths of segments and measures of angles.

Relevant Vocabulary
Basic Rigid Motion: A basic rigid motion is a rotation, reflection, or translation of the plane.

Basic rigid motions are examples of transformations. Given a transformation, the image of a point 4 is the point the
transformation maps A4 to in the plane.

Distance-Preserving: A transformation is said to be distance-preserving if the distance between the images of two points
is always equal to the distance between the pre-images of the two points.

Angle-Preserving: A transformation is said to be angle-preserving if (1) the image of any angle is again an angle and (2)
for any given angle, the angle measure of the image of that angle is equal to the angle measure of the pre-image of that
angle.

Exit Ticket (3 minutes)
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Name Date

Lesson 12: Transformations—The Next Level

Exit Ticket

How are transformations and functions related? Provide a specific example to support your reasoning.
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Exit Ticket Sample Solution

How are transformations and functions related? Provide a specific example to support your reasoning.

Transformations ARE functions. They take a set of points as inputs, apply a given rule, and output a new location for the
image of the input points. Examples are a reflection across a line of reflection and a rotation of 30 degrees around a
point of a given figure.

Problem Set Sample Solutions

An example of a rotation applied to a figure and its image is provided. Use this representation to answer the questions
that follow. For each question, a pair of figures (pre-image and image) are given as well as the center of rotation. For
each question, identify and draw the following:

i. The circle that determines the rotation, using any point on the pre-image and its image.

ii.  Anangle, created with three points of your choice, which demonstrates the angle of rotation.

Example of a Rotation:

Pre-image: (solid line)
Image: (dotted line)
Center of rotation: P E‘-.“

Angle of rotation: £APA' .r"

1. Pre-image: (solid line)
Image: (dotted line)

Center of rotation: P

Angle of rotation: 90°, 270° CW

c
2.  Pre-image: A ABC A
Image: A A'B'C’
Center: D
D
L[]
B
Angle of rotation: 300° 60° CW
A
B
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m Lesson 13: Rotations

Student Outcomes

=  Students manipulate rotations by each parameter: center of rotation, angle of rotation, and a point under the
rotation.

Lesson Notes

Lesson 13 takes a close look at the precise definition of rotation. Students learn how to rotate a figure about a center of
rotation for a given number of degrees and in a given direction. Students also learn how to determine the angle of
rotation and center of rotation for a given figure and its image.

Teachers should continue to stress the point that rotations preserve the lengths of segments (distance-preserving) and
the measures of the angles of the figures being rotated (angle-preserving).

Rotations are one of the three basic rigid motions used to form the definition of one of the main ideas in geometry:
congruence. Essential to students’ understanding of the definition of congruence is the realization (1) that rotations
preserve distances and angle measures and (2) that a rotation of any angle size can be performed at any point in the
plane.

The lesson begins with an Exploratory Challenge where students cut out a 75° angle to apply to a figure as its degree of
rotation. With the help of a ruler, students transform the vertices of the figure to create the image after the rotation.
This hands-on exercise demonstrates a basic way of performing a rotation. In the Discussion, students use a point on a
given figure, the center of rotation, and the respective point in the image to determine the angle of rotation. They test
several sets of points to verify that the angle measure is preserved. Then, students learn how to find the center of
rotation using what they know about perpendicular. Students practice these two new skills before learning the precise
definition of rotation. This definition incorporates a center of rotation, an angle of rotation, and exactly how the points
move across the plane (along a circular path of a given radius). Students practice their updated understanding of
rotations in the Lesson 13 Problem Set.

Note that the study of transformations over the next several lessons involves significant use of compass and straightedge
constructions. This is done to build deep understanding of transformations and also to lend coherence between clusters
within the G-CO domain, connecting transformations (G-CO.A), congruence (G-CO.B), and transformations (G-CO.D).
Additionally, students develop in their ability to persist through challenging problems (MP.1). However, if students are
struggling, it may be necessary to modify the exercises to include the use of graph paper, patty paper, or geometry
software (such as the freely available Geogebra).

Classwork
Exploratory Challenge (10 minutes)

m Students apply a 75° rotation to a figure using the cut out of an angle and a ruler.
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= Consider whether all the tools in the exercise are necessary. How could the exercise be modified?

MP. . . .
& 2 o With the use of a compass or protractor instead of the given angle
MP.7 =  Try the rotation again using a different center of rotation, either one of the vertices of the pre-image or a point

Q on the opposite side of the figure from point P. Discuss the effects of changing the center of rotation.

Exploratory Challenge
You will need a pair of scissors and a ruler.

Cut out the 75° angle at the right and use it as a guide to rotate the figure below 75° counterclockwise around the given
center of rotation (Point P).

- Place the vertex of the 75° angle at point P.

. Line up one ray of the 75° angle with vertex A on the figure. Carefully measure
the length from point P to vertex A.

- Measure that same distance along the other ray of the reference angle, and @

mark the location of your new point, 4'.
. Repeat these steps for each vertex of the figure, labeling the new vertices as you

find them.
. Connect the six segments that form the sides of your rotated image.

A B
D"
E

Discussion (12 minutes)

Discussion

In Grade 8, we spent time developing an understanding of what happens in the application of a rotation by participating
in hands-on lessons. Now, we can define rotation precisely.

The notion of the entire plane being subject to the transformation is new and should be reinforced. However, note that
neither the figure nor the plane is actually moved in the transformation. The image represents the output after applying
the transformation “rule” to the input points.

In the definition below, students may benefit from some discussion using a visual of a clock. Discuss the intuitive notion
of directions on a clock before the more formal definition.
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Counterclockwise Clockwise

First, we need to talk about the direction of the rotation. If you stand up and spin in place, you can either spin to your
left or spin to your right. This spinning to your left or right can be rephrased using what we know about analog clocks:
spinning to your left is spinning in a counterclockwise direction and spinning to your right is spinning in a clockwise
direction. We need to have the same sort of notion for rotating figures in the plane. It turns out that there is a way to
always choose a “counterclockwise half-plane” for any ray: The counterclockwise half-plane of a ray CP is the half-plane
of CP that lies to the left as you move along CP in the direction from C to P. (The “clockwise half-plane” is then the half-
plane that lies to the right as you move along CP in the direction from C to P.) We use this idea to state the definition of
rotation.

For 0° < 8 < 180°, the rotation of 0 degrees around the center C is the transformation R, of the plane defined as
follows:

1. For the center point C, R¢»(C) = C,and

For any other point P, R 4(P) is the point Q that lies in the counterclockwise half-plane of H’), such that CQ = CP and
msPCQ = 6°.

A rotation of 0 degrees around the center C is the identity transformation, i.e., for all points 4 in the plane, it is the
rotation defined by the equation R¢((4) = A.

A rotation of 180° around the center C is the composition of two rotations of 90° around the center C. It is also the
transformation that maps every point P (other than C) to the other endpoint of the diameter of circle with center C and
radius CP.

. A rotation leaves the center point C fixed. R;4(C) = C states exactly that. The rotation function R with
center point C that moves everything else in the plane 6°, leaves only the center point itself unmoved.

- For every other point P, every point in the plane moves the exact same degree arc along the circle defined by
the center of rotation and the angle 6°.

- Found by turning in a counterclockwise direction along the circle from P to Q, such that mzQPC = 6°— all
positive angle measures 0 assume a counterclockwise motion; if citing a clockwise rotation, the answer should
be labeled with “CW”.

- R (P) is the point Q that lies in the counterclockwise half-plane of ray CP such that CQ = CP. Visually, you
can imagine rotating the point P in a counterclockwise arc around a circle with center C and radius CP to find
the point Q.

. mzsPCQ = 0° — the point Q is the point on the circle with center C and radius CP such that the angle formed
by the rays CP and Ea has an angle measure 6°.

A composition of two rotations applied to a point is the image obtained by applying the second rotation to the image of
the first rotation of the point. In mathematical notation, the image of a point A after “a composition of two rotations of

90° around the center C” can be described by the point R o (Rc_go (A)). The notation reads, “Apply R g to the point
R¢90(A).” So, we lose nothing by defining R 159(A) to be thatimage. Then, R¢150(4) = R0 (RC'QO(A)) for all points
Ain the plane.
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In fact, we can generalize this idea to define a rotation by any positive degree: For 8° > 180°, a rotation of 6° around the
center C is any composition of three or more rotations, such that each rotation is less than or equal to a 90° rotation and
whose angle measures sum to 8°. For example, a rotation of 240° is equal to the composition of three rotations by 80°
about the same center, the composition of five rotations by 50°, 50°, 50°, 50°, and 40° about the same center, or the
composition of 240 rotations by 1° about the same center.

Notice that we have been assuming that all rotations rotate in the counterclockwise direction. However, the inverse
rotation (the rotation that “undoes” a given rotation) can be thought of as rotating in the clockwise direction. For
example, rotate a point A by 30° around another point C to get the image R 3,(A). We can “undo” that rotation by
rotating by 30° in the clockwise direction around the same center C. Fortunately, we have an easy way to describe a
“rotation in the clockwise direction.” If all positive degree rotations are in the counterclockwise direction, then we can
define a negative degree rotation as a rotation in the clockwise direction (using the clockwise half-plane instead of the
counterclockwise half-plane). Thus, R _3, is a 30° rotation in the clockwise direction around the center C. Since a
composition of two rotations around the same center is just the sum of the degrees of each rotation, we see that

Re¢_30 (Rc,zo(A)) =Rco(4) = 4,

for all points A in the plane. Thus, we have defined how to perform a rotation for by any number of degrees—positive or
negative.

As this is our first foray into close work with rigid motions, we emphasize an important fact about rotations. Rotations
are one kind of rigid motion or transformation of the plane (a function that assigns to each point P of the plane a unique
point F(P)) that preserves lengths of segments and measures of angles. Recall that Grade 8 investigations involved
manipulatives that modeled rigid motions (e.g., transparencies) because you could actually see that a figure was not
altered, as far as length or angle was concerned. It is important to hold onto this idea while studying all of the rigid
motions.

Constructing rotations precisely can be challenging. Fortunately, computer software is readily available to help you
create transformations easily. Geometry software (such as Geogebra) allows you to create plane figures and rotate them
a given number of degrees around a specified center of rotation. The figures below were rotated using Geogebra.
Determine the angle and direction of rotation that carries each pre-image onto its (dashed-line) image. Assume both
angles of rotation are positive. The center of rotation for the Exercise 1 is point D and for Figure 2 is point E.

(Remind students that identifying either CCW or CW degree measures is acceptable; if performing a 30° rotation in the
clockwise direction, students can label their answers as “30° CW” or “—30°.”)

Exercises 1-3 (10 minutes)

Exercises 1-3

285° or 75° CW or —75°

To determine the angle of rotation, you measure the angle formed by connecting
corresponding vertices to the center point of rotation. In Exercise 1, measure
£AD'A'. What happened to 2D? Can you see that D is the center of rotation,
therefore, mapping D' onto itself? Before leaving Exercise 1, try drawing 2zBD'B’.
Do you get the same angle measure? What about 2CD'C"?

Try finding the angle and direction of rotation for Exercise 2 on your own.
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Remind students that the solid-lined figure is the pre-image, and the dotted-line figure is the image.

2.
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~ °
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Al

60° or 300° CW or —300°

Did you draw ~DED' or .CEC'?

Now that you can find the angle of rotation, let’s move on to finding the center of rotation. Follow the directions below to
locate the center of rotation taking the figure at the top right to its image at the bottom left.

a. Draw a segment connecting points 4 and 4'.

b.  Using a compass and straightedge, find the perpendicular bisector of this segment.
c. Draw a segment connecting points B and B'.

d. Find the perpendicular bisector of this segment.

L e. The point of intersection of the two perpendicular bisectors is the center of rotation. Label this point P.

Justify your construction by measuring angles ZAPA' and 2BPB'. Did you obtain the same measure?

Yes
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This method works because a chord of a circle is a segment joining two points on a circle. The endpoints of the chord are
equidistant from the center of the circle. The perpendicular bisector of a chord (being the set of ALL points equidistant
from the endpoints) includes the center of the circle. Since students may have had limited experience studying circles,
they may have difficulty understanding why this works. You may consider pointing out or sketching the circle that has
the center of rotation as its center for each of the examples to supply some justification for why it works.

Exercises 4-5 (8 minutes)

Exercises 4-5

Find the centers of rotation and angles of rotation for Exercises 4 and 5.

Either 244° or 116° CW or —116°.

90° or 270° CW or —270°.

Lesson Summary
A rotation carries segments onto segments of equal length.

A rotation carries angles onto angles of equal measure.

Exit Ticket (5 minutes)
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Name Date

Lesson 13: Rotations

Exit Ticket

Find the center of rotation and the angle of rotation for the transformation below that carries A onto B.

Lesson 13: Rotati n
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Find the center of rotation and the angle of rotation for the transformation below that carries 4 onto B.

270° or 90° CW or —90°

Problem Set Sample Solutions

1. Rotate the triangle ABC 60° around point F using a compass and straightedge only.
B
F
c
o
A
2. Rotate quadrilateral ABCD 120° around point E using a straightedge and protractor.

Rotations
6/16/14

Lesson 13:
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3.  Onyour paper, construct a 45° angle using a compass and straightedge. Rotate the angle 180° around its vertex,
again using only a compass and straightedge. What figure have you formed, and what are its angles called?

The figure formed is an X, and the angles are called vertical angles.

4. Draw a triangle with angles 90°, 60°, and 30° using only a compass and straightedge. Locate the midpoint of the
longest side using your compass. Rotate the triangle 180° around the midpoint of the longest side. What figure
have you formed?

The figure formed is a rectangle.

5.  On your paper, construct an equilateral triangle. Locate the midpoint of one side using your compass. Rotate the
triangle 180° around this midpoint. What figure have you formed?

The figure formed is a rhombus.

6.  Use either your own initials (typed using WordArt on a Microsoft Word) or the initials provided below. If you create
your own WordArt initials, copy, paste, and rotate to create a design similar to the one below. Find the center of
rotation and the angle of rotation for your rotation design.
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m Lesson 14: Reflections

Student Outcomes
= Students learn the precise definition of a reflection.

= Students construct the line of reflection of a figure and its reflected image. Students construct the image of a
figure when provided the line of reflection.

Lesson Notes

In Lesson 14, students precisely define a reflection and will construct reflections using a perpendicular bisector and
circles. Students continue focusing on their use of vocabulary throughout the lesson with their discussion of the
constructions. The exploratory nature of this lesson allows for students to discover uses for the skills they have learned
in previous construction lessons in addition to the vocabulary they have been working on.

Teachers should continue to stress that reflections preserve the lengths of segments (distance-preserving) and the
measures of the angles of the figures being reflected (angle-preserving).

Reflections are one of the three basic rigid motions used to form the definition of one the main ideas in geometry, which
is congruence. Essential to students’ understanding of the definition of congruence is the realization (1) that reflections
preserve distances and angle measures and (2) that a reflection can be performed across any line in the plane.

Note that in many cases, it will be assumed that the “prime” notation indicates the image of a figure after a
transformation (e.g., A A'B'C' is the image of A ABC).

Classwork

Exploratory Challenge (10 minutes)

Students will discuss that each of the perpendicular bisectors they drew lined up exactly Note to Teacher:
with the line of reflection. The class can discuss whether they think this will always be the
case and why the distance to the perpendicular bisector from each point is equivalent.
Help students to create a set of guidelines for constructing reflections using precise
vocabulary.

Due to space limitations, only
the perpendicular bisector of
CC' has been shown here.

Lesson 14: Reflections n
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Exploratory Challenge

Think back to Lesson 12 where you were asked to describe to your
partner how to reflect a figure across a line. The greatest challenge
in providing the description was using the precise vocabulary
necessary for accurate results. Let’s explore the language that will
yield the results we are looking for.

A ABC is reflected across DE and maps onto A A'B'C’.

Use your compass and straightedge to construct the perpendicular
bisector of each of the segments connecting Ato A’, B to B', and C
to C'. What do you notice about these perpendicular bisectors?

Label the point at which AA' intersects DE as point 0. What is true
about 40 and A'0? How do you know this is true?

AO = A'0. I constructed the perpendicular bisector, and O is the point where the perpendicular bisector crosses AA’, so it
is halfway between A and A'.

Examples 1-5 (32 minutes)

Discussion

You just demonstrated that the line of reflection between a figure and its reflected image is also the perpendicular
bisector of the segments connecting corresponding points on the figures.

In the Exploratory Challenge, you were given both the pre-image, image, and the line of reflection. For your next
challenge, try finding the line of reflection provided a pre-image and image.

Example 1

Construct the segment that represents the line of reflection for
quadrilateral ABCD and its image A'B'C'D’.

m What is true about each point on ABCD and its corresponding point
on A'B'C’'D’ with respect to the line of reflection?

Each pair of corresponding points is equidistant from the line of
reflection.

Notice one very important fact about reflections. Every point in the original figure is carried to a corresponding point on
the image by the same rule—a reflection across a specific line. This brings us to a critical definition:

Reflection: For a line lin the plane, a reflection across l is the transformation A, of the plane defined as follows:

1.  For any point P on the line [, r,(P) = P, and
2. Forany point P not on [, r;(P) is the point Q so that [ is the perpendicular bisector of the segment PQ.
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If the line is specified using two points, as in Z—ﬁ, then the reflection is often denoted by r,45. Just as we did in the last
lesson, let’s examine this definition more closely:

- A transformation of the plane—the entire plane is transformed; what was once on one side of the line of
reflection is now on the opposite side;

m - r,(P) = P means that the points on line | are left fixed—the only part of the entire plane that is left fixed is
the line of reflection itself;

. r;(P) is the point Q—the transformation r; maps the point P to the point Q;

. So that L is the perpendicular bisector of the segment PQ—to find Q, first construct the perpendicular line m
to the line [ that passes through the point P. Label the intersection of [ and m as N. Then locate the point Q
on m on the other side of l such that PN = NQ.

Examples 2-3
Construct the line of reflection across which each image below was reflected.

2. 3.

Next, students complete a reflection using circles. The teacher may wish to go through the steps with the students or
give the steps to the students and have them work independently. As the students work, encourage them to think and
discuss why using circles allows us to construct a reflection. Remind them of what they discovered in the Exploratory
Challenge as well as Euclid’s use of circles when constructing equilateral triangles. Consider also asking students to
confirm the properties of reflections and conclude that they preserve the lengths of segments and the measures of the
angles of the figures being reflected.

You have shown that a line of reflection is the perpendicular bisector of segments connecting corresponding points on a
figure and its reflected image. You have also constructed a line of reflection between a figure and its reflected image.
Now we need to explore methods for constructing the reflected image itself. The first few steps are provided for you in
this next stage.

113
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Example 4

The task at hand is to construct the reflection of A ABC over line DE. Follow the steps below to get started; then
complete the construction on your own.
Construct circle A: center A, with radius such that the circle crosses DE at two points (labeled F and G).

2.  Constructcircle F: center F, radius FA, and circle G: center G, radius GA. Label the [unlabeled] point of
intersection between circles F and G as point A'. This is the reflection of vertex 4 across DE.

Repeat steps 1 and 2 for vertices B and C to locate B’ and C'.

Connect A, B’, and C' to construct the reflected triangle.

Things to consider:

When you found the line of reflection earlier, you did this by constructing perpendicular bisectors of segments joining two
corresponding vertices. How does the reflection you constructed above relate to your earlier efforts at finding the line of
reflection itself? Why did the construction above work?

Example 5

Now try a slightly more complex figure. Reflect ABCD across line EF.

Lesson Summary

A reflection carries segments onto segments of equal length.

A reflection carries angles onto angles of equal measure.

Exit Ticket (3 minutes)
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Lesson 14: Reflections

Exit Ticket

1. Construct the line of reflection for the figures.

2. Reflect the given figure across the line of reflection provided.

Lesson 14: Reflections n
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Exit Ticket Sample Solutions

1. Construct the line of reflection for the figures.

2.  Reflect the given pre-image across the line of reflection provided.

Problem Set Sample Solutions

Construct the line of reflection for each pair of figures below.

1. 2.

Lesson 14: Reflections n
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3. 4. Reflect the given pre-image across the line of
reflection provided.

NE

5. Draw atriangle ABC. Draw a line [ through vertex C so that it intersects the triangle at more than just the vertex.
Construct the reflection across I.

Answers will vary.
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m Lesson 15: Rotations, Reflections, and Symmetry

Student Outcomes
= Students learn the relationship between a reflection and a rotation.

= Students examine rotational symmetry within an individual figure.

Lesson Notes

In Lesson 15, students investigated how rotations and reflections can elicit the symmetries within a rectangle,
parallelogram, trapezoids, and regular polygons. Students explore the differences between line symmetry and rotational
symmetry and how to identify and apply each type of symmetry.

Classwork

Opening Exercise (5 minutes)

Opening Exercise

The original triangle, labeled with “A,” has been reflected across the first line,
resulting in the image labeled with “B.” Reflect the image across the second
line.

Carlos looked at the image of the reflection across the second line and said,
“That’s not the image of triangle “A” after two reflections, that’s the image of
triangle “A” after a rotation!” Do you agree? Why or why not?

While a rotation was not performed in this example, Carlos is correct that
reflecting a figure twice over intersecting lines yields the same result as a
rotation. The point R is the center of rotation.

Discussion (2 minutes)

Discussion

When you reflect a figure across a line, the original figure and its image share a line of symmetry, which we have called
the line of reflection. When you reflect a figure across a line, then reflect the image across a line that intersects the first
line, your final image is a rotation of the original figure. The center of rotation is the point at which the two lines of
reflection intersect. The angle of rotation is determined by connecting the center of rotation to a pair of corresponding
vertices on the original figure and the final image. The figure above is a 210° rotation (or 150° clockwise rotation).

Lesson 15: Rotations, Reflections, and Symmetry n
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Exploratory Challenge (25 minutes)

Exploratory Challenge

Line of Symmetry of a Figure: This is an isosceles triangle. By definition, an isosceles triangle has at
least two congruent sides. A line of symmetry of the triangle can be drawn from the top vertex to the
midpoint of the base, decomposing the original triangle into two congruent right triangles. This line of
symmetry can be thought of as a reflection across itself that takes the isosceles triangle to itself. Every
point of the triangle on one side of the line of symmetry has a corresponding point on the triangle on
the other side of the line of symmetry, given by reflecting the point across the line. In particular, the
line of symmetry is equidistant from all corresponding pairs of points. Another way of thinking about
line symmetry is that a figure has line symmetry if there exists a line (or lines) such that the image of
the figure when reflected over the line is itself.

Does every figure have a line of symmetry?

No.

Which of the following have multiple lines of symmetry?

The rectangle and hexagon have multiple lines of symmetry.

Use your compass and straightedge to draw one line of symmetry on each figure above that has at least one line of
symmetry. Then, sketch any remaining lines of symmetry that exist. What did you do to justify that the lines you
constructed were, in fact, lines of symmetry? How can you be certain that you have found all lines of symmetry?

Students may have measured angles or used patty paper to prove the symmetry.

Rotational Symmetry of a Figure: A nontrivial rotational symmetry of a figure is a rotation of the plane that maps the
figure back to itself such that the rotation is greater than 0° but less than 360°. Three of the four polygons above have a
nontrivial rotational symmetry. Can you identify the polygon that does not have such symmetry?

The triangle does not have such symmetry.

When we studied rotations two lessons ago, we located both a center of rotation and an angle of rotation.

Identify the center of rotation in the equilateral triangle A ABC below and
label it D. Follow the directions in the paragraph below to locate the center
precisely.

C
To identify the center of rotation in the equilateral triangle, the simplest '
method is finding the perpendicular bisector of at least two of the sides. The 4
intersection of these two bisectors gives us the center of rotation. Hence, the “
center of rotation of an equilateral triangle is also the circumcenter of the B
triangle. In Lesson 5 of this module, you also located another special point of
concurrency in triangles—the incenter. What do you notice about the
incenter and circumcenter in the equilateral triangle?

They are the same point.

In any regular polygon, how do you determine the angle of rotation? Use the equilateral triangle above to determine the
method for calculating the angle of rotation, and try it out on the rectangle, hexagon, and parallelogram above.

Lesson 15: Rotations, Reflections, and Symmetry n
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Identity Symmetry: A symmetry of a figure is a basic rigid motion that maps the figure back onto itself. There is a special
transformation that trivially maps any figure in the plane back to itself called the identity transformation. This
transformation, like the function f defined on the real number line by the equation f(x) = x, maps each point in the
plane back to the same point (in the same way that f maps 3 to 3, 7 to 7, and so forth). It may seem strange to discuss
the “do nothing” identity symmetry (the symmetry of a figure under the identity transformation), but it is actually quite
useful when listing all of the symmetries of a figure.

Let us look at an example to see why. The equilateral triangle A ABC above has two nontrivial rotations about its
circumcenter D, a rotation by 120° and a rotation by 240°. Notice that performing two 120° rotations back-to-back is
the same as performing one 240° rotation. We can write these two back-to-back rotations explicitly, as follows:

= First, rotate the triangle by 120° about D: Ry, 150-(A ABC).
. Next, rotate the image of the first rotation by 120°: RD,120"(RD,120°(A ABC)).

Rotating A ABC by 120° twice in a row is the same as rotating A ABC once by 120° + 120° = 240°. Hence, rotating by
120° twice is equivalent to one rotation by 240°:

RD,IZO"(RD,IZO"(A ABC)) = Rp240-(2 ABC).

In later lessons, we will see that this can be written compactly as Rp 159 - Rp 1200 = Rp240o- What if we rotated by 120°
one more time? That is, what if we rotated A ABC by 120° three times in a row? That would be equivalent to rotating A
ABC once by 120° + 120° + 120° or 360°. But a rotation by 360° is equivalent to doing nothing, i.e., the identity
transformation! If we use I to denote the identity transformation (I(P) = P for every point P in the plane), we can write
this equivalency as follows:

Rp 120 (Rp 120-(Ro 120:(2 ABC))) = (& ABC).

Continuing in this way, we see that rotating A ABC by 120° four times in a row is the same as rotating once by 120°,
rotating five times in a row is the same as R, 549, and so on. In fact, for a whole number n, rotating A ABC by 120°n
times in a row is equivalent to performing one of the following three transformations:

{Rpi20  Rpaaos 1}

Hence, by including identity transformation I in our list of rotational symmetries, we can write any number of rotations of
A ABC by 120° using only three transformations. For this reason, we include the identity transformation as a type of
symmetry as well.

Exercises 1-3 (10 minutes)

Exercises 1-3

Figure 1
Use Figure 1 to answer the questions below. A_ B

1. Draw all lines of symmetry. Locate the center of rotational symmetry.

2. Describe all symmetries explicitly.

a. What kinds are there?

Line symmetry, rotational symmetry, and the identity symmetry

b. How many are rotations? (Include “360° rotational symmetry,” i.e., the
identity symmetry.)

4 (90°, 180°, 270°, 360°)

c. How many are reflections?

4
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3.  Prove that you have found all possible symmetries.

a. How many places can vertex A be moved to by some symmetry of the square that you have identified? (Note
that the vertex to which you move A4 by some specific symmetry is known as the image of A under that
symmetry. Did you remember the identity symmetry?)

4 - Vertex A can be moved to either A, B, C, or D.

b. For a given symmetry, if you know the image of A, how many possibilities exist for the image of B?

2

c. Verify that there is symmetry for all possible images of A and B.

(A, B) = (A, B) is the identity, (A, B) = (A, D) is reflection along AC, (A, B) = (D, A) is a rotation by 90°,
etc.

d. Using part (b), count the number of possible images of A and B. This is the total number of symmetries of the
square. Does your answer match up with the sum of the numbers from Exercise 2 parts (b) and (c)?

8

Relevant Vocabulary

Regular Polygon: A polygon is regular if all sides have equal length and all interior angles have equal measure.

Exit Ticket (3 minutes)
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Exit Ticket

What is the relationship between a rotation and reflection? Sketch a diagram that supports your explanation.
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Exit Ticket Sample Solutions

What is the relationship between a rotation and reflection? Sketch a diagram that supports your explanation.

Reflecting a figure twice over intersecting lines yields the same result as a rotation.

Problem Set Sample Solutions

Use Figure 1 to answer Problems 1-3.

Figure 1 B

1. Draw all lines of symmetry. Locate the center of rotational symmetry.

2. Describe all symmetries explicitly.

a. What kinds are there?

Rotational symmetry, line symmetry, and the identity symmetry

b. How many are rotations (including the identity symmetry)?

5

c. How many are reflections?

5

3.  Now that you have found the symmetries of the pentagon, consider these questions:

a. How many places can vertex A be moved to by some symmetry of the pentagon? (Note that the vertex to
which you move A by some specific symmetry is known as the image of A under that symmetry. Did you
remember the identity symmetry?)

5 — Vertex A can be moved to either A, B, C, D or E.

b. For a given symmetry, if you know the image of A, how many possibilities exist for the image of B?
(A, B) 2 (A, B) is the identity, (A, B) = (C, B) is reflection along SB, (A, B) = (E, A) is a rotation by 72°,
etc.

c. Verify that there is symmetry for all possible images of A and B.

d. Using part (b), count the number of possible images of 4 and B. This is the total number of symmetries of the
figure. Does your answer match up with the sum of the numbers from Problem 2 parts (b) and (c)?

10
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Use Figure 2 to answer Problem 4. Figure 2
4. Shade exactly two of the nine smaller squares so that the resulting figure has
a Only one vertical and one horizontal line of symmetry.
b. Only two lines of symmetry about the diagonals.
c. Only one horizontal line of symmetry.
d. Only one line of symmetry about a diagonal.
e. No line of symmetry.
Possible answers:
a b c. d. e
Use Figure 3 to answer Problem 5.
Figure 3
5. Describe all the symmetries explicitly.
a. How many are rotations (including the identity symmetry)?
6
b. How many are reflections?
12
c. How could you shade the figure so that the resulting figure only has three possible rotational symmetries
(including the identity symmetry)?
See the figure for an example.
6. Decide whether each of the statements is true or false. Provide a counterexample if the answer is false.
a. If a figure has exactly two lines of symmetry, it has exactly two rotational symmetries (including the identity
symmetry).
True
b. If a figure has at least three lines of symmetry, it has at least three rotational symmetries (including the
identity symmetry).
True
c. If a figure has exactly two rotational symmetries (including the identity symmetry), it has exactly two lines of
symmetry.
False; e.g., a parallelogram
d. If a figure has at least three rotational symmetries (including the identity symmetry), it has at least three lines
of symmetry.
False; e.g.,
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COMMON | v o engage™  u

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; !CC BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 16 m 0

GEOMETRY

IQI Lesson 16: Translations

Student Outcome

= Students learn the precise definition of a translation and perform a translation by construction.

Lesson Notes

In Lesson 16, students precisely define translations and use the construction of a parallelogram to demonstrate how to
apply a translation to a figure. The students then use vectors to describe the translations. This may be the first time
many students have seen vectors, so some additional explanation may be needed (a vector is a directed line segment
that has both length and direction).

Refer to Lesson 2 of Grade 8, Module 2 for supplementary materials on use of vectors, as well as on translations in
general.

Classwork

Exploratory Challenge (5 minutes)

Exploratory Challenge

In Lesson 4, you completed a construction exercise that resulted in a pair of parallel lines (Problem 1 from the Problem
Set). Now we examine an alternate construction.

Construct the line parallel to a given line AB through a given point P.
1 Draw circle P: Center P, radius AB.

2 Draw circle B: Center B, radius AP.

3. Label the intersection of circle P and circle B as Q.

4 Draw ‘P_Q'

Note: Circles P and B intersect in two locations. Pick the intersection Q so that points 4 and Q are in opposite half-
planes of line PB.
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The construction shows that ZABP and £QPB are equal, alternate interior angles. Hence, by the alternate interior

—> —
angles converse, PQ || AB.

Discussion (10 minutes)

Discussion

To perform a translation, we need to use the above construction. Let us investigate the definition of translation.

For vector ﬁ, the translation along AB is the transformation T45 of the plane defined as follows:

1. Forany point P on the line AB, T;3(P) is the point Q on 4B so that P_Q) has the same length and the same direction
as TE, and

2. Forany point P not on ﬁ, T45(P) is the point Q obtained as follows. Let I be the line passing through P and
parallel to AB. Let m be the line passing through B and parallel to line AP. The point Q is the intersection of [ and
m.

Note: The parallel line construction above shows a quick way to find the point Q in part 2 of the definition of translation!

In the figure to the right, quadrilateral ABCD has been translated the length
and direction of vector E') Notice that the distance and direction from each

vertex to its corresponding vertex on the image are identical to that of CC'.

Example 1 (8 minutes)

Example 1

Draw the vector that defines each translation below.

Finding the vector is relatively straightforward. Applying a vector to translate a figure is more challenging. To translate a
figure, we must construct parallel lines to the vector through the vertices of the original figure and then find the points on
those parallel lines that are the same direction and distance away as given by the vector.
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Example 2 (8 minutes)

Example 2
Use your compass and straightedge to apply T;; to segment P, P,.

Note: Use the steps from the Exploratory Challenge twice for this question,
creating two lines parallel to AB: one through P, and one through P,.

J

Example 3 (8 minutes)

Example 3
Use your compass and straightedge to apply T; to A P, P,P5.

Relevant Vocabulary
Parallel: Two lines are parallel if they lie in the same plane and do not intersect. Two segments or rays are parallel if the

lines containing them are parallel lines.

127
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Closing

Lesson Summary

. A translation carries segments onto segments of equal length.

- A translation carries angles onto angles of equal measure.

Exit Ticket (5 minutes)
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Lesson 16: Translations

Exit Ticket

Translate the image one unit down and three units right. Draw the vector that defines the translation.
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Exit Ticket Sample Solutions

Translate the figure one unit down and three units right. Draw the vector that defines the translation.

A E
‘NF
D
c
Problem Set Sample Solutions
Translate each figure according to the instructions provided.
1. 2 units down and 3 units left. 2. 1 unitup and 2 units right.
Draw the vector that defines the translation. Draw the vector that defines the translation.
E 5 5
=
E £
4
i E
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3. Use your compass and straightedge to apply T';; to the circle below (center P, radius P, P;).

To translate the circle is to translate its radius.

4.  Use your compass and straightedge to apply T4 to the circle below.

Hint: You will need to first find the center of the circle. You can use what you learned in Lesson 4 to do this.

- To find the center of the circle (and thereby also the radius of the circle), draw any chord within the circle.
Construct the perpendicular bisector of the chord, and mark the diameter of the circle, which contains the
center of the circle. Finally, use a perpendicular bisector to find the midpoint of the diameter.

L] Once the center has been established, the problem is similar to Problem 3.

— B

Two classic toothpick puzzles appear below. Solve each puzzle.

5. Each segment on the fish represents a toothpick. Move (translate) exactly three toothpicks and the eye to make the
fish swim in the opposite direction. Show the translation vectors needed to move each of the three toothpicks and

the eye.

\
s
/
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point downward. Show the translation vectors needed to move each of the three toothpicks.

7.  Apply T¢; to translate A ABC.

A
A ‘oo
-
N
\,
B
C G

6.  Again, each segment represents a single toothpick. Move (translate) exactly three toothpicks to make the “triangle”

Translations
6/13/14
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E Lesson 17: Characterize Points on a Perpendicular Bisector

Student Outcomes

= Students understand that any point on a line of reflection is equidistant from any pair of pre-image and image
points in a reflection.

Lesson Notes

In Lesson 17, we will review the three types of rigid motions previously explored and examine their relationship to the
construction of perpendicular lines and, more specifically, perpendicular bisectors. We will further explore the distance
preservation characteristic of rigid motions and see how this preservation applies in each type of transformation.

Classwork

Opening Exercise (5 minutes)

Opening Exercise

In Lesson 3, you bisected angles, including straight angles. You related the bisection of straight angles in Lesson 3 to the
construction of perpendicular bisectors in Lesson 4. Review the process of constructing a perpendicular bisector with the
segment below. Then complete the definition of perpendicular lines below your construction.

Use the compass and straightedge construction from Lesson 4.

Two lines are perpendicular if they _intersect , and if any of the angles formed by the intersection of the lines is a _right
(or 90°) angle. Two segments are perpendicular if the lines containing them are _perpendicular .

Ask the students to discuss the definition of a perpendicular bisector and how having already learned the construction
helps them to know and understand the definition.

Discussion/Examples 1-3 (15 minutes)

Discussion

The line you constructed in the opening exercise is called the perpendicular bisector of the segment. As you learned in
Lesson 14, the perpendicular bisector is also known as the line of reflection of the segment. With a line of reflection, any
point on one side of the line (pre-image) is the same distance from the line as its image on the opposite side of the line.

Lesson 17: Characterize Points on a Perpendicular Bisector n
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Example 1

Is it possible to find or construct a line of reflection that is NOT a
perpendicular bisector of a segment connecting a point on the pre-image to its
image? Try to locate a line of reflection between the two figures at the right
without constructing any perpendicular bisectors.

Discussion

Why were your attempts impossible? Look back at the definition of reflection from Lesson 14.

For aline L in the plane, a reflection across l is the transformation 7, of the plane defined as follows:

1.  For any point P on the line [, r;(P) = P, and
2. Forany point P not on [, ;(P) is the point Q so that L is the perpendicular bisector of the segment PQ.

The key lies in the use of the term perpendicular bisector. For a point P not on [, explain how to construct the point Q so
that L is the perpendicular bisector of the segment PQ.

Now, let’s think about the problem from another perspective. We have determined that any point on the pre-image
figure is the same distance from the line of reflection as its image. Therefore, the two points are equidistant from the
point at which the line of reflection (perpendicular bisector) intersects the segment connecting the pre-image point to its
image. What about other points on the perpendicular bisector? Are they also equidistant from the pre-image and image
points? Let’s investigate.

Example 2

Using the same figure from the previous investigation, but with the line of reflection, is it possible to conclude that any
point on the perpendicular bisector is equidistant from any pair of pre-image and image points? For example, is GP =
HP in the figure? The point P is clearly NOT on the segment connecting the pre-image point G to its image H. How can
you be certain that GP = HP? If r is the reflection, then (G) = H and r(P) = P. Since 1 preserves distances, GP =
HP.

Discussion

We have explored perpendicular bisectors as they relate to reflections and have determined that they are essential to
reflections. Are perpendicular lines, specifically, perpendicular bisectors, essential to the other two types of rigid
motions: rotations and translations? Translations involve constructing parallel lines (which can certainly be done by
constructing perpendiculars but are not essential to constructing parallels). However, perpendicular bisectors play an
important role in rotations. In Lesson 13, we found that the intersection of the perpendicular bisectors of two segments
connecting pairs of pre-image to image points determined the center of rotation.

Lesson 17: Characterize Points on a Perpendicular Bisector n
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Example 3

Find the center of rotation for the transformation below. How are perpendicular bisectors a major part of finding the
center of rotation? Why are they essential?

The center of rotation is the intersection of two perpendicular bisectors, each to a segment that joins a pair of
corresponding points (between the figure and its image).

As you explore this figure, also note another feature of rotations. As with
all rigid motions, rotations preserve distance. A transformation is said to
be distance-preserving (or length-preserving) if the distance between the
images of two points is always equal to the distance between the original

o two points. Which of the statements below is true of the distances in the
figure? Justify your response.

a. AB=A'B’
b. AA' = BB’
AB = A'B' is a distance in the figure. The distance from AB remains the same after the transformation. The second
statement AA' = BB' is incorrect because it involves distances between the original figure and the new figures. Rotations

are distance-preserving; thus, we are only assured that distance between the image of two points is always equal to the
distances between the original two points.

Exercises 1-5 (20 minutes)

Exercises 1-5

In each pre-image/image combination below (a) identify the type of transformation; (b) state whether perpendicular
bisectors play a role in constructing the transformation and, if so, what role; and (c) cite an illustration of the distance-
preserving characteristic of the transformation (e.g., identify two congruent segments from the pre-image to the image).
For the last requirement, you will have to label vertices on the pre-image and image.

A
1.
Perpendicular Examples of distance
Transformation p P f 3
C' bisectors? preservation
B
Yes, to construct AB = A'B’
Rotation the center o] B
. f DC=D'C
, rotation
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2.
Perpendicular Examples of distance
Transformation p P f )
bisectors? preservation
AD =A'D'
Translation No
DC=D'C’
3 B D
Perpendicular Examples of distance
Transformation p P f )
bisectors? preservation
A
B' In general, yes;
Rotation however, not AB = A'B’
D' required in this BC =B'C’
case.
4. . ;
B . Perpendicular Examples of distance
Transformation ) )
bisectors? preservation
Yes, to construct BC =B',C',
Reflection the line of AD = A',D'y
reflection
fe
5. Inthe figure to the right, GH is a line of reflection. State and justify
two conclusions about distances in this figure. At least one of your A A
statements should refer to perpendicular bisectors. 1
B )
Each point and its reflected image are the same distance from the N B
line of reflection.
C
The line of reflection is the perpendicular bisector of the line : i A
connecting each point with its reflected image.
= o
H
L 4

Exit Ticket (5 minutes)
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Lesson 17: Characterize Points on a Perpendicular Bisector

Exit Ticket

Using your understanding of rigid motions, explain why any point on the perpendicular bisector is equidistant from any
pair of pre-image and image points. Use your construction tools to create a figure that supports your explanation.
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Exit Ticket Sample Solutions

Using your understanding of rigid motions, explain why any point on the perpendicular bisector is equidistant from any
pair of pre-image and image points. Use your construction tools to create a figure that supports your explanation.

If r is the reflection, then r(G) = H and r(P) = P. Since r preserves distances, GP = HP.

Problem Set Sample Solutions

Create/construct two problems involving transformations—one reflection and one rotation—that require the use of
perpendicular bisectors. Your reflection problem may require locating the line of reflection or using the line of reflection
to construct the image. Your rotation problem should require location of the point of rotation. (Why should your
rotation problem NOT require construction of the rotated image?) Create the problems on one page, and construct the
solutions on another. Another student will be solving your problems in the next class period.

Answers will vary.
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E Lesson 18: Looking More Carefully at Parallel Lines

Student Outcomes

= Students learn to construct a line parallel to a given line through a point not on that line using a rotation by
180°. They learn how to prove the alternate interior angles theorem using the parallel postulate and the
construction.

Lesson Notes

Lesson 18 is important. It may take two days to cover all of the information in this lesson. Hiding underneath its ideas
are most of the reasons why reflection and translation can be defined based upon the geometry assumptions students
will learn in Lesson 33. (For example, we use only the geometry assumptions to construct a parallel line through a given
point in Example 4.) While these ideas are “hiding under the surface,” do not focus on them. Instead, concentrate
students’ attention on the main geometry assumption of this lesson: the parallel postulate.

We have already defined parallel lines, and in the missing angles problems we have used (and perhaps discussed
casually) the following two ideas:

1. Suppose a transversal intersects a pair of lines. If a pair of alternate interior angles is equal in measure, then
the pair of lines are parallel.

2. (A form of the Parallel Postulate) Suppose a transversal intersects a pair of lines. If the pair of lines are parallel,
then the pair of alternate interior angles are equal in measure.

However, students have probably not made careful distinctions between these thoughts. More likely, students
remember the following concept:

Suppose a transversal intersects a pair of lines. The pair of lines are parallel if and only if a pair of alternate
interior angles are equal in measure.

Perhaps, students simply associate the ideas in this statement. When students see parallel lines cut by a transversal,
they recognize the angle relations, and then use those angle relations to recognize parallel lines.

This lesson is designed to help students carefully distinguish between these two ideas. In particular, we will show why
there is a need for the parallel postulate as one of our geometric assumptions: Through a given external point there is at
most one line parallel to a given line.

Classwork

Opening Exercise (10 minutes)

Opening Exercise

Exchange Problem Sets with a classmate. Solve the problems posed by your classmate while he or she solves yours.
Compare your solutions, and then discuss and resolve any discrepancies. Why were you asked only to locate the point of
rotation, rather than to rotate a pre-image to obtain the image? How did you use perpendicular bisectors in constructing
your solutions?
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Discussion

Discussion

We say that two lines are parallel if they lie in the same plane and do not intersect. Two segments or rays are parallel if
the lines containing them are parallel.

Examples 1-7 (30 minutes)

Example 1
Why is the phrase in the plane critical to the definition of parallel lines? Explain and illustrate your reasoning.

Two lines in (3-dimensional space) are called skew lines if they do not lie in the same plane.

In that case, they do not intersect (because if they did, they would share a plane together) /7
and are not parallel. (If they were parallel, then they would both have to lie in the same /

plane.)

In Lesson 7, we recalled some basic facts learned in earlier grades about pairs of lines and angles created by a transversal
to those lines. One of those basic facts is the following:

Suppose a transversal intersects a pair of lines. The lines are parallel if and only if a pair of alternate interior
angles are equal in measure.

Our goal in this lesson is to prove this theorem using basic rigid motions, geometry assumptions, and a geometry
assumption we will introduce in this lesson called the parallel postulate. Of all of the geometry assumptions we have
given so far, the parallel postulate gets a special name because of the special role it played in the history of mathematics.
(Euclid included a version of the parallel postulate in his books, and for 2, 000 years people tried to show that it was not a
necessary assumption. Not only did it turn out that the assumption was necessary for Euclidean geometry, but study of
the parallel postulate lead to the creation of non-Euclidean geometries.)

The basic fact above really has two parts, which we prove separately:

1. Suppose a transversal intersects a pair of lines. If two alternate interior angles are equal in measure, then the pair
of lines are parallel.

2.  Suppose a transversal intersects a pair of lines. If the lines are parallel, then the pair of alternate interior angles are
equal in measure.

The second part turns out to be an equivalent form of the parallel postulate. To build up to the theorem, first we need to
do a construction.

Example 2

Given a line [ and a point P not on the line, follow the steps below to rotate [ by 180° to P
aline I’ that passes through P:

a. Label any point A on L. -]

b. Find the midpoint of segment AP using a ruler. (Measure the length of segment AP, and locate the point that is

AP
distance ?from A between A and P.) Label the midpoint C.
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c. Perform a 180° rotation around center C. To quickly find the
image of [ under this rotation by hand: -t

i Pick another point B on L.

ii. Draw CB.

iii.  Draw circle: center C, radius CB.

MP.7 iv.  Label the other point where the circle intersects CB by Q.
V. Draw (}TQ

d.  Label the image of the rotation by 180° of L by I' = R 1o (0).

How does your construction relate to the geometry assumption stated above to rotations? Complete the statement
below to clarify your observations:

R 1g0 is a 180° _rotation around C. Rotations preserve _lines , therefore R 159 maps the line [ to the line _I' . What is
Rcg0(A)? _P_

Example 3
The lines L and U’ in the picture above certainly look parallel, but we do not have to rely on “looks.”
Claim: In the construction above, L is parallel to I'.

Proof: We will show that assuming they are not parallel leads to a contradiction. If they are not parallel, then they must
intersect somewhere, call that point X. Since X is on I, it must be the image of some point S on [ under the R 154
rotation, i.e., R 150(S) = X. Since R 15 is a 180° rotation, S and X must be the endpoints of a diameter of a circle that
has center C. In particular, SX must contain C. Since Sis a point on [, and X is a different point on [ (it was the

MP.7 intersection of both lines), we have that I = SX because there is only one line through two points. But SX also contains
C, which means that [ contains C. However, C was constructed so that it was not on . This is absurd.

There are only two possibilities for any two distinct lines [ and ' in a plane: either the lines are parallel or they are not
parallel. Since assuming the lines were not parallel lead to a false conclusion, the only possibility left is that [ and I
were parallel to begin with.

Example 4
The construction and claim together implies the following theorem.

Theorem: Given a line [ and a point P not on the line, then there exists line I’ that contains P and is parallel to l.

This is a theorem we have justified before using compass and straightedge constructions, but now we see it follows
directly from basic rigid motions and our geometry assumptions.
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Example 5

We are now ready to prove the first part of the basic fact above. We have two lines, l and ', and all we know is that a

transversal AP intersects L and I’ such that a pair of alternate interior angles are equal in measure. (In the picture below
we are assuming m2ZQPA = mzBAP.)

Q b

ZA B I

Let C be the midpoint of AP. What happens if you rotate 180° around the center C? Is there enough information to
show that R¢1go(1) = 1I'?

a. What is the image of the segment AP?

PA Q P 0

Co MR
b. In particular, what is the image of the point A? Clie ]
B

P #4

c. Why are the points Q and R 139(B) on the same side of ap?

Sketch of the Answer: The rotation by 180° maps AP to itself because AP contains the center C. In particular, it
can be shown that the rotation maps one half-plane of AP to the other half-plane and vice-versa. Since Q and B
are in opposite half-planes (by definition of alternate interior angles), and B and R 15o(B) are in opposite half-
planes, Q and R 150(B) must be in the same half-plane.

d.  Whatis the image of R 1g9(£BAP)? LQPA Why?

Because under the rotation, the vertex of ZBAP maps to the vetex of 2QPA, ray AP maps to ray PA, the point B
goes to the same side as Q. Since .BAP = QPA (by assumption), ray AB must map to ray PQ. Thus, /.BAP
maps to LQPA.

e.  WhyisR;q1g0(D) =1"?
Since AB maps to PQ, R¢1go(D) = Rc_wo(ﬁ) =PQ=1.

We have just proved that a rotation by 180° takes [ to I'. By the claim in Example 3, lines [ and I’ must be parallel, which
is summarized below.

Theorem: Suppose a transversal intersects a pair of lines. If a pair of alternate interior angles are equal in measure, then
the pair of lines are parallel.

Discussion

In Example 5, suppose we had used a different rotation to construct a line parallel to I that contains P. Such
constructions are certainly plentiful. For example, for every other point D on [, we can find the midpoint of segment
PD and use the construction in Example 2 to construct a different 180° rotation around a different center such that the
image of the line L is a parallel line through the point P. Are any of these parallel lines through P different? In other
words,

Can we draw a line other than the line l' through P that never meets 1?

Lesson 18: Looking More Carefully at Parallel Lines n
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The answer may surprise you; it stumped mathematicians and physicists for centuries. In nature, the answer is that it is
sometimes possible and sometimes not. This is because there are places in the universe (near massive stars, for example)
where the model geometry of space is not “plane-like” or flat, but is actually quite curved. To rule out these other types
of “strange but beautiful” geometries, we must assume that the answer to the question above is only one line. That
choice becomes one of our geometry assumptions:

(Parallel Postulate) Through a given external point there is at most one line parallel to a given line.

In other words, we assume that for any point P in the plane not lying on a line £, every line in the plane that contains P
intersects £ except at most one line—the one we call parallel to £.

Example 6
We can use the parallel postulate to prove the second part of the basic fact.

Theorem: Suppose a transversal intersects a pair of lines. If the pair of lines are parallel, then the pair of alternate
interior angles are equal in measure.

Proof: Suppose that a transversal AP intersects line [ at A and I’ at P; pick and label another point B on [ and choose a
point Q on I’ on the opposite side of AP as B. The picture might look like the figure below:

Qb

ZA B

Let C be the midpoint of segment AP, and apply a rotation by 180° around the center C. As in previous discussions, the
image of Lis the line R 130 (1) which is parallel to [ and contains point P. Since I’ and R 1g0(0) are both parallel to [ and
contain P, by the parallel postulate, they must be the same line: R¢1g0(1) = I'. In particular, R 130(£BAP) = £QPA.
Since rotations preserve angle measures, mZBAP = m«QPA, which was what we needed to show.

Discussion

It is important to point out that, although we only proved the alternate interior angles theorem, the same sort of proofs
can be done in the exact same way to prove the corresponding angles theorem and the interior angles theorem. Thus, all
of the proofs we have done so far (in class and in the Problem Sets) that use these facts are really based, in part, on our
assumptions about rigid motions!

Example 7
We end this lesson with a theorem that we will just state, but can be easily proved using the parallel postulate.

Theorem: If three distinct lines I, I, and I3 in the plane have the property that l; || I, and [, || I3, thenl; || I3. (In
proofs, this can be written as, “If two lines are parallel to the same line, then they are parallel to each other.”)

Note that students should at least remember that in Euclidean Geometry, two lines are parallel if and only if alternate
interior angles of any transversal are equal in measure, and be able to elaborate on what that means. This one
statement includes both the parallel postulate and its converse. We can construct parallel lines without the parallel
postulate, but in a geometry that does not satisfy the parallel postulate, there are many parallels to a given line through
a point not on it. Without the parallel postulate, parallel lines are plentiful and we cannot tell much about a line if all we
know is that it passes through a point and is parallel to another line.
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Relevant Vocabulary

Parallel: Two lines are parallel if they lie in the same plane and do not intersect. Two segments or rays are parallel if the
lines containing them are parallel lines.

Transversal: Given a pair of lines [ and m in a plane, a third line t is a transversal if it intersects [ at a single point and
intersects m at a single but different point.

The definition of transversal rules out the possibility that any two of the lines [, m, and t are the same line.

Alternate Interior Angles: Let line ¢ be a transversal to lines [ and m such that t intersects [ at point P and intersects m at
point Q. Let R be a point on [ and S be a point on m such that the points R and S lie in opposite half-planes of t. Then
the angle ZRPQ and the angle 2P QS are called alternate interior angles of the transversal t with respect to m and [.

Corresponding Angles: Let line t be a transversal to lines [ and m. If Zx and 2y are alternate interior angles, and £y and
£z are vertical angles, then 2x and 2z are corresponding angles.

Exit Ticket (5 minutes)
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Lesson 18: Looking More Carefully at Parallel Lines

Exit Ticket

1. Construct a line through the point P below that is parallel to the line [ by rotating [ by 180° (using the steps outlined
in Example 2).

2. Why is the parallel line you constructed the only line that contains P and is parallel to [?
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Exit Ticket Sample Solutions
Construct a line through the point P below that is parallel to the line [ by rotating I by 180° (using the steps
outlined in Example 2).
Q _Pr
Construction should look like the steps in Example 2. : : j
Why is the parallel line you constructed the only line that contains P and is J/A B L
parallel to [?
The answer should reference the parallel postulate in a meaningful way.
Problem Set Sample Solutions

In the figure, AL || BM, AL L CF, and GK1 BM. Prove that CF || GK.
AL /BM Given
AL LCF Given
GK LBM Given
mzADC = 90° Definition of perpendicular lines
m«BJH = 90° Definition of perpendicular lines
m«sBJH = mz£AHG If two parallel lines are cut by a transversal, then the

corresponding angles are equal in measure
mzADC = mzAHG Substitution property of equality
CF | GK If two lines are cut by a transversal such that the corresponding angles are equal in

measure, then the lines are parallel
Given that 2B and 2C are supplementary and mzA4 = m<C, prove that AD | BC.
<B and .C are supplementary  Given A B
mzA = m«C Given
msB + mzC = 180 Definition of supplementary angles
msB + mzA = 180 Substitution property of equality
S C
AD || BC If a transversal intersects two lines

such that the same side interior angles are supplementary, then the lines are
parallel.

Mathematicians state that if a transversal to two parallel lines is perpendicular to one of the lines, then it is
perpendicular to the other. Prove this statement. (Include a labeled drawing with your proof.)
AL | BM Given
AL 1 CF Given
mzADC = 90° Definition of perpendicular lines
msADC = mzBED If two parallel lines are cut by a transversal, then

corresponding angles are equal in measure
m«BED = 90° Substitution
CF 1L BM Definition of perpendicular lines
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4. Inthefigure, AB || CD and EF || GH. Prove that m2£AFE = m«DKH. £ G
4B || CD Given
EF | GH Given
msAFE = m«GJF If two parallel lines are cut by a trans., then the A 3 J B
corr. angles are equal in measure
msJKC = m«GJF If two parallel lines are cut by a transversal, then c D
the corresponding angles are equal in measure K
msJKC = mzDKH Vertical angles are equal in measure H /
msAFE = mzDKH Transitive property
C
5. Inthe figure, £E and £ZAFE are complementary and 2C and 2BDC are
complementary. Prove that AE || CB.
A ° E B
.E and £AFE are complementary Given
£C and £BDC are complementary Given
msE + mzZAFE = 90° Definition of comp. angles
mz«C + m«BDC = 90° Definition of comp. angles E
mzsE + mzZAFE + mzA = 180° Sum of the angle measures in a triangle is 180°
msC + mzBDC + msB = 180° Sum of the angle measures in a triangle is 180°
mzA = 90°% mz = 90° Subtraction property of equality
mzA = m«B Substitution property of equality
AE | CB If two lines are cut by a transversal such that a pair of alternate interior

angles are equal in measure, then the lines are parallel.

6. Givenaline l and a point P not on the line, the following directions can be used to draw a line m perpendicular to
the line [ through the point P based upon a rotation by 180°:

a. Pick and label a point A on the line I so that the circle (center P, radius AP) intersects [ twice.
b. Use a protractor to draw a perpendicular line n through the point 4 (by constructing a 90° angle).

c. Use the directions in Example 2 to construct a parallel line m through the point P.

Do the construction. Why is the line m perpendicular to the line [ in the figure you drew? Why is the line m the only
perpendicular line to I through P?

Figures will vary, but should follow directions outlined.

Student can use Problem 3 or reprove the fact that if a transversal to two parallel lines is perpendicular to one then
it is perpendicular to the other.

Suppose line m' contains P and is perpendicular to 1, then by the interior angles theorem (or alternate interior
angles or corresponding interior angles), m' is parallel to n. Since m and m’are both parallel to n and contain P, by
the parallel postulate they must be the same line, i.e., m' = m.

A student might answer, “parallel postulate.” If so, partial credit might be awarded (depending on your tastes for
partial credit).
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Problems 7-10 all refer to the figure to the right. The exercises are otherwise
unrelated to each other.

7. AD || BC and 2EJB is supplementary to 2JBK. Prove that AD || JE.

AD || BC Given

2EJB is supplementary to £JBK Given

EJ | BC If a transversal intersects two lines such that the same side interior angles
are supplementary, then the lines are parallel.

AD || EJ If two segments are parallel to the same segment, then they are parallel to
each other.

8. AD || FGandEJ || FG. Prove that 2DAJ and 2EJA are supplementary.

AD | FG Given

EJ | FG Given

AD | EJ If two segments are parallel to the same segment, then they are parallel to
each other.

m«DAJ + mzEJA = 180° If a transversal intersects two parallel lines then the interior angles on the

same side of the transversal are supplementary.

9. m«C = m«G and 2B is supplementary to 2G. Prove that DC || AB.

msC = msG Given

4B is supplementary to £G Given

msB + msG = 180° Definition of supplementary angles

msB + mzC = 180° Substitution property of equality

DC | AB If a transversal intersects two lines such that the same side interior angles

are supplementary, then the lines are parallel.

10. AB || EF, EF L CB, and 2EKC is supplementary to 2KCD. Prove that AB || DC.

AB | EF Given
EF LCB Given
£EKC is supplementary to £KCD Given
mzABC + m«BKE = 180° If parallel lines are cut by a transversal, then interior angles on the same

side are supplementary
msEKC + m2ZKCD = 180° Definition of supplementary angles
msBKE = 90° and mZEKC = 90° Definition of right angles
mzsABC = 90° and m£KCE = 90° Subtraction property of equality
£ABC and 2£KCE are supplementary  Definition of supplementary angles

AB | DC If two lines are cut by a transversal such that a pair of interior angles on
the same side are supplementary, then the lines are parallel.
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E Lesson 19: Construct and Apply a Sequence of Rigid

Motions

Student Outcomes

=  Students begin developing the capacity to speak and write articulately using the concept of congruence. This
involves being able to repeat the definition of congruence and use it in an accurate and effective way.

Classwork

Opening (20 minutes)

Opening

We have been using the idea of congruence already (but in a casual and unsystematic way). In Grade 8, we introduced
and experimented with concepts around congruence through physical models, transparencies or geometry software.
Specifically, we had to

(1) Understand that a two-dimensional figure is congruent to another if the second can be obtained from the
first by a sequence of rotations, reflections, and translations. And (2) describe a sequence that exhibits the
congruence between two congruent figures. (8.G.A.2)

As with so many other concepts in high school Geometry, congruence is familiar, but we now study it with greater
precision and focus on the language with which we discuss it.

Let us recall some facts related to congruence that appeared previously in this unit.

1. We observed that rotations, translations, and reflections—and thus all rigid motions—preserve the lengths of
segments and the measures of angles. We think of two segments (respectively, angles) as the same in an important
respect if they have the same length (respectively, degree measure), and thus, sameness of these objects relating to
measure is well characterized by the existence of a rigid motion mapping one thing to another. Defining congruence
by means of rigid motions extends this notion of sameness to arbitrary figures, while clarifying the meaning in an
articulate way.

2.  We noted that a symmetry is a rigid motion that carries a figure to itself.

So how do these facts about rigid motions and symmetry relate to congruence? We define two figures in the plane as
congruent if there exists a finite composition of basic rigid motions that maps one figure onto the other.

It might seem easy to equate two figures being congruent to having same size same shape. The phrase “same size and
same shape” has intuitive meaning and helps to paint a mental picture, but is not a definition. As in a court of law, to
establish guilt it is not enough to point out that the defendant looks like a sneaky, unsavory type. We need to point to
exact pieces of evidence concerning the specific charges. It is also not enough that the defendant did something bad. It
must be a violation of a specific law. Same size, same shape is on the level of, “He looks like a sneaky, bad guy who
deserves to be in jail.”

It is also not enough to say that they are alike in all respects except position in the plane. We are saying that there is
some particular rigid motion that carries one to another. Almost always, when we use congruence in an explanation or
proof, we need to refer to the rigid motion. To show that two figures are congruent, we only need to show that there is a
transformation that maps one directly onto the other. However, once we know that there is a transformation, then we
know that there are actually many such transformations and it can be useful to consider more than one. We see this
when discussing the symmetries of a figure. A symmetry is nothing other than a congruence of an object with itself.

A figure may have many different rigid motions that map it onto itself. For example, there are six different rigid motions
that take one equilateral triangle with side length 1 to another such triangle. Whenever this occurs, it is because of a
symmetry in the objects being compared.
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Lastly, we discuss the relationship between congruence and correspondence. A correspondence between two figures is a
function from the parts of one figure to the parts of the other, with no requirements concerning same measure or
existence of rigid motions. If we have rigid motion T that takes one figure to another, then we have a correspondence
between the parts. For example, if the first figure contains segment AB, then the second includes a corresponding
segment T(A)T(B). But we do not need to have a congruence to have a correspondence. We might list the parts of one
figure and pair them with the parts of another. With two triangles, we might match vertex to vertex. Then the sides and
angles in the first have corresponding parts in the second. But being able to set up a correspondence like this does not
mean that there is a rigid motion that produces it. The sides of the first might be paired with sides of different length in
the second. Correspondence in this sense is important in triangle similarity.

Discussion/Examples (20 minutes)

Discussion

We now examine a figure being mapped onto another R

through a composition of rigid motions.

E
Q X
To map A PQR to A XYZ here, we first rotate A PQR -D /
120° (Rp 12¢-), around the point, D. Then reflect the P
image (rgf) across EF. Finally, translate the second
z
F

image (T3 ) along the given vector to obtain A XY Z.

Since each transformation is a rigid motion, A PQR = A

XYZ. We use function notation to describe the Ro,1 A

composition of the rotation, reflection, and translation: EF T-
L

T, (rﬁ (RD,120° (A PQR))) = AXYZ

Notice that (as with all composite functions) the innermost function/transformation (the rotation) is performed first, and
the outermost (the translation) last.

Example 1

i. Draw and label a triangle A PQR in the space below.

ii. Use your construction tools to apply one of each of the rigid motions we have studied to it in a sequence of
your choice.

iii.  Use function notation to describe your chosen composition here. Label the resulting image as A XY Z:

iv.  Complete the following sentences: (Some blanks are single words, others are phrases.)

Triangle A PQRis congruent to A XYZ because rigid motions map point P to
point X, point Q to point Y, and point R to point Z. Rigid motions map segments onto segments of equal length
and angles onto _angles of equal measure

Example 2

On a separate piece of paper, trace the series of figures in your composition but do NOT include the center of rotation,
the line of reflection, or the vector of the applied translation.

Swap papers with a partner and determine the composition of transformations your partner used. Use function
notation to show the composition of transformations that renders A PQR =A XYZ.

Exit Ticket (5 minutes)
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Lesson 19: Construct and Apply a Sequence of Rigid Motions

Exit Ticket

Assume that the following figures are drawn to scale. Use your understanding of congruence to explain why square
ABCD and rhombus GHIJ are not congruent.

4 B ¢ . u
p ¢ S
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Exit Ticket Sample Solutions

Assume that the following figures are drawn to scale. Use your understanding of congruence to explain why square
ABCD and rhombus GHIJ are not congruent.

Rigid motions map angles onto angles of equal measure, and the measures of the angles of square ABCD are all 90°,

whereas the angles of rhombus GHI]J are not. Therefore, there is no rigid motion that will map square ABCD onto
rhombus GHIJ.

Problem Set Sample Solutions

1.  Use your understanding of congruence to explain why a triangle cannot be congruent to a quadrilateral.

a. Why can’t a triangle be congruent to a quadrilateral?

A triangle cannot be congruent to a quadrilateral because there is no rigid motion that takes a figure with
three vertices to a figure with four vertices.

Why can’t an isosceles triangle be congruent to a triangle that is not isosceles?

An isosceles triangle cannot be congruent to a triangle that is not isosceles because rigid motions map

segments onto segments of equal length and the lengths of an isosceles triangle differ from those of a
triangle that is not isosceles.

2.  Use the figures below to answer each question:

a. A ABD =A CDB. What rigid motion(s) maps CD onto AB? Find two possible solutions.
A 180° rotation about the midpoint of DB. y 5
A reflection over the line that joins the midpoints of AD
and BC, followed by another reflection over the line that
joins the midpoints of AB and DC.
D C
b.

All of the smaller triangles are congruent to each other. What rigid motion(s) map ZB onto AZ? Find two
possible solutions.

. A
A translation T.

A 180° rotation about the midpoint of ZY followed by a
180° rotation about the midpoint of ZX.
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E Lesson 20: Applications of Congruence in Terms of Rigid

Motions

Student Outcomes

=  Students understand that a congruence between figures gives rise to a correspondence between parts such
that corresponding parts are congruent, and they will be able to state the correspondence that arises from a
given congruence.

= Students recognize that correspondences may be set up even in cases where no congruence is present. They
will know how to describe and notate all the possible correspondences between two triangles or two
quadrilaterals, and they know how to state a correspondence between two polygons.

Classwork

Opening (20 minutes)

Opening
Every congruence gives rise to a correspondence.

Under our definition of congruence, when we say that one figure is congruent to another, we mean that there is a rigid
motion that maps the first onto the second. That rigid motion is called a congruence.

Recall the Grade 7 definition: A correspondence between two triangles is a pairing of each vertex of one triangle with one
and only one vertex of the other triangle. When reasoning about figures, it is useful to be able to refer to corresponding
parts (e.g., sides and angles) of the two figures. We look at one part of the first figure and compare it to the
corresponding part of the other. Where does a correspondence come from? We might be told by someone how to make
the vertices correspond. Conversely, we might make our own correspondence by matching the parts of one triangle with
the parts of another triangle based on appearance. Finally, if we have a congruence between two figures, the congruence
gives rise to a correspondence.

A rigid motion F always produces a one-to-one correspondence between the points in a figure (the pre-image) and points
in its image. If P is a point in the figure, then the corresponding point in the image is F(P). A rigid motion also maps
each part of the figure to a corresponding part of the image. As a result, corresponding parts of congruent figures are
congruent since the very same rigid motion that makes a congruence between the figures also makes a congruence
between each part of the figure and the corresponding part of the image.

In proofs, we frequently refer to the fact that corresponding angles, sides, or parts of congruent triangles are congruent.
This is simply a repetition of the definition of congruence. If A ABC is congruent to A DEG because there is a rigid
motion F such that F(A) = D, F(B) = E, and F(C) = G, then AB is congruent to DE, A ABC is congruent to A DEG,
and so forth because the rigid motion F takes AB to DE and 2BAC to 2LEDF.

There are correspondences that do not come from congruences.

The sides (and angles) of two figures might be compared even when the figures are not congruent. For example, a
carpenter might want to know if two windows in an old house are the same, so the screen for one could be interchanged
with the screen for the other. He might list the parts of the first window and the analogous parts of the second, thus
making a correspondence between the parts of the two windows. Checking part by part, he might find that the angles in
the frame of one window are slightly different from the angles in the frame of the other, possibly because the house has
tilted slightly as it aged. He has used a correspondence to help describe the differences between the windows, not to
describe a congruence.
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In general, given any two triangles, one could make a table with two columns and three rows, and then list the vertices of
the first triangle in the first column and the vertices of the second triangle in the second column in a random way. This
would create a correspondence between the triangles, though generally not a very useful one. No one would expect a
random correspondence to be very useful, but it is a correspondence nonetheless.

Later, when we study similarity, we will find that it is very useful to be able to set up correspondences between triangles
despite the fact that the triangles are not congruent. Correspondences help us to keep track of which part of one figure

we are comparing to that of another. It makes the rules for associating part to part explicit and systematic so that other
people can plainly see what parts go together.

Discussion (10 minutes)

Discussion
Let’s review function notation for rigid motions.

a. To name a translation, we use the symbol T;;. We use the letter T to signify that we are referring to a
translation and the letters A and B to indicate the translation that moves each point in the direction from A
to B along a line parallel to line AB by distance AB. The image of a point P is denoted T;5(P). Specifically,
T;5(A) = B.

b. To name a reflection, we use the symbol r;, where L is the line of reflection. The image of a point P is
denoted r;(P). In particular, if A is a point on [, r;(A) = A. For any point P, line L is the perpendicular
bisector of segment Pr;(P).

c. To name a rotation, we use the symbol R ,- to remind us of the word rotation. C is the center point of the
rotation, and x represents the degree of the rotation counterclockwise around the center point. Note that a
positive degree measure refers to a counterclockwise rotation, while a negative degree measure refers to a
clockwise rotation.

Examples 1-3 (10 minutes)

Example 1

In each figure below, the triangle on the left has been mapped to the one on the right by a 240° rotation about P.
Identify all six pairs of corresponding parts (vertices and sides).

X
B
Corresponding Corresponding
vertices sides
5 A-X AB - XY
A c —
b B-Y AC - XZ
Y c->Z BC->YZ

What rigid motion mapped A ABC onto A XYZ? Write the transformation in function notation.

Rp240-(A ABC) >4 XYZ
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Example 2

Given a triangle with vertices A, B, and C, list all the possible correspondences of the triangle with itself.

A- A B—- B cC- C
A- B B-A cC- A
A- C B- C C- B

Example 3

Give an example of two quadrilaterals and a correspondence between their vertices such that (a) corresponding sides
are congruent, but (b) corresponding angles are not congruent.

A . B J K
A-] I
B-K
C-L
D-M '
D ! C M L

Exit Ticket (5 minutes)
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Exit Ticket

1. Whatis a correspondence? Why does a congruence naturally yield a correspondence?

2. Eachside of A XYZ is twice the length of each side of A ABC. Fill in the blanks below so that each relationship
between lengths of sides is true.

X

X2 =

X 2=

X2 =
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Exit Ticket Sample Solutions

What is a correspondence? Why does a congruence naturally yield a correspondence?

A correspondence between two triangles is a pairing of each vertex of one triangle with one and only one vertex of
the other triangle. This pairing can be expanded to figures other than triangles. A congruence naturally yields a
correspondence since a rigid motion maps each part of a figure to what we call a corresponding part of the image.

Each side of A XY Z is twice the length of each side of A ABC. Fill in the blanks below so that each relationship
between lengths of sides is true.

AB Xx2=__ XY X
BC X 2= YZ A
CA X 2= ZX
B C zZ

Problem Set Sample Solutions

Given two triangles, one with vertices 4, B, and C, and the other with vertices X, Y, and Z, there are six different
correspondences of the first with the second.

a. One such correspondence is the following:
A-> Z

B- X
cC-Y

Write the other five correspondences.

A- X A-Y A- X A-Y A- Z

B- Z B- Z B->Y B- X B->Y

cC-Y C- X C- Z C- Z C- X
b. If all six of these correspondences come from congruences, then what can you say about A ABC?

It must be equilateral.

c. If two of the correspondences come from congruences, but the others do not, then what can you say about A
ABC?

It must be isosceles and cannot be equilateral.

d. Why can there be no two triangles where three of the correspondences come from congruences but the
others do not?

By part (c), if two correspondences come from congruences, then the triangle must be isosceles. A third
correspondence implies that the triangles must be equilateral. But then all six correspondences would be
congruences, contradicting that the others are not.

Lesson 20 m 0
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2.  Give an example of two triangles and a correspondence between them such that (a) all three corresponding angles
are congruent, but (b) corresponding sides are not congruent.
A—E B
B-D D
C—>F i E
A C E F
3.

4.

Give an example of two triangles and a correspondence between their vertices such that (a) one angle in the first is

congruent to the corresponding angle in the second and (b) two sides of the first are congruent to the corresponding
sides of the second, but (c) the triangles themselves are not congruent.

A-X
B-Y
C>7 11 11

o

Give an example of two quadrilaterals and a correspondence between their vertices such that (a) all four
corresponding angles are congruent and (b) two sides of the first are congruent to two sides of the second, but (c)
the two quadrilaterals are not congruent.

A-]

A ! 5 J?K
B->K
C-1L /
DM D L ¢ i

A particular rigid motion, M, takes point P as input and gives point P’ as output. Thatis, M(P ) = P'. The same
rigid motion maps point Q to point Q'. Since rigid motions preserve distance, is it reasonable to state that P’ =
QQ’? Does it matter which type of rigid motion M is? Justify your response for each of the three types of rigid

motion. Be specific. If it is indeed the case, for some class of transformations, that PP’ = QQ’ is true for all P and
Q, explain why. If not, offer a counter-example.

This is not always true. A rotation around a vertex will not move each point the same distance. In a rigid motion,
the distance that is preserved is within the figure distance. A reflection will also not satisfy PP' = QQ' for all P and
Q. Reflecting a figure over one of its sides will not move the points on the line of reflection, and other points will be

moved by a distance proportionate to their distance from the reflection line. A translation, however, does satisfy
the condition that PP' = QQ' for all P and Q.
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% Lesson 21: Correspondence and Transformations

Student Outcomes

=  Students practice applying a sequence of rigid motions from one figure onto another figure in order to
demonstrate that the figures are congruent.

Lesson Notes

In Lesson 21, we will consolidate our understanding of congruence in terms of rigid motions with our knowledge of
corresponding vertices and sides of triangles. We will identify specific sides and angles in the pre-image of a triangle that
map onto specific angles and sides of the image. If a rigid motion results in every side and every angle of the pre-image
mapping onto every corresponding side and angle of the image, we will assert that the triangles are congruent.

Classwork

Opening Exercise (7 minutes)

Opening Exercise

The figure to the right represents a rotation of A ABC 80° around vertex C. Name the
triangle formed by the image of A ABC. Write the rotation in function notation, and name all
corresponding angles and sides.

Corresponding angles Corresponding sides

AEFC LA LE AB - EF
/B - LF BC > FC

Rogo (AEFC) L€ 2C ac - EC

Discussion (5 minutes)

Discussion

In the Opening Exercise, we explicitly showed a single rigid motion, which mapped every side and every angle of A ABC
onto A EFC. Each corresponding pair of sides and each corresponding pair of angles was congruent. When each side
and each angle on the pre-image maps onto its corresponding side or angle on the image, the two triangles are
congruent. Conversely, if two triangles are congruent, then each side and angle on the pre-image is congruent to its
corresponding side or angle on the image.
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Example 1
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the table below identifying the missing corresponding angles and sides.

ABCD is a square, and AC is one diagonal of the square. A ABC is a reflection of A ADC across segment AC. Complete

Yes. Since A ADC is a reflection of A ABC, they must be congruent.

Exercises 1-3 (20 minutes)

A B
H Corresponding angles Corresponding sides
£BAC - £DAC AB - AD
T B 2ABC - £ADC BC - DC
2BCA - £DCA AC - AC
i
D
a. Are the corresponding sides and angles congruent? Justify your response.
Since the triangle is a rigid transformation, all angles and sides maintain their size.
b. Is A ABC = A ADC? Justify your response.

Exercises 1-3

Each exercise below shows a sequence of rigid motions that map a pre-image onto a final image. Identify each rigid
motion in the sequence, writing the composition using function notation. Trace the congruence of each set of
corresponding sides and angles through all steps in the sequence, proving that the pre-image is congruent to the final

image by showing that every side and every angle in the pre-image maps onto its corresponding side and angle in the
image. Finally, make a statement about the congruence of the pre-image and final image.

Composition in function

Sequence of rigid motions (2)

rotation, translation

notation Tyrg (RC"""’(A ABC))
) AB - AHBH
\ Sequence of corresponding — =
/ \ . BC - B"C
Lo \ sides .
) AC - A'C”
A” B
A . A-A"
S f d
eqluence of corresponding Bo B
angles CoC"
Triang|
riangle congruence AABC =a A"B"C"
statement
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2.
o S f rigid
eqt.Jence orrigt reflection, translation, rotation
motions (3)
C
Composition in
R, 1000 | Tomi(rpE(A ABC
function notation 47,100 ( w1 )))
A6 - A"B”
Sequence of i
di id BC - B''C
corresponding sides AC — A7
Sequence of A- A"
corresponding B - B"
angles c-c"
Triangle congruence
g g AABCEAA”,B,”C”,
statement
3.

Sequence of rigid

reflections
motions (3) f

Composition in

function notation xz (rW (rﬁ (a ABC)))

Sequence of 4B - YX
co:'res onding sides AC-YZ
ponding BC > XZ
Sequence of A-Y
corresponding B->X
angles C->Z
Triangle congruence AABC =A YXZ

statement

Exit Ticket (5 minutes)
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Name Date

Lesson 21: Correspondence and Transformations

Exit Ticket

Complete the table based on the series of rigid motions performed on A ABC below.

A
Sequence of rigid
motions (2)
X
Composition in function
5 o | e notation
Sequence of
A o o . corresponding sides
v Sequence of
corresponding angles
Triangle congruence
statement
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Lesson 21 m 0

GEOMETRY

Complete the table based on the series of rigid
motions performed on A ABC below.

A

Sequence of rigid motions (2)

rotation, reflection

Composition in function
notation

(TW (R c,90°°))

) AB - AHBH
Sequence of corresponding —
. BC - B''C
sides [
AC - A”C”
Sequence of corresponding A->A
angles B-B
8 c>C

Triangle congruence
statement

AABC=AA"B"'C"

Problem Set Sample Solutions

onto A ABC.

in your explanation.

1. Exercise 3 above mapped A ABC onto A YXZ in three steps. Construct a fourth step that would map A YXZ back

Construct an angle bisector for the LABY, and reflect A YXZ over that line.

2.  Explain triangle congruence in terms of rigid motions. Use the terms corresponding sides and corresponding angles

Triangle congruence can be found using a series of rigid motions in which you map an original or pre-image of a
figure onto itself. By doing so, all the corresponding sides and angles of the figure will map onto their matching
corresponding sides or angles, which proves the figures are congruent.

COMMON Lesson 21: Correspondence and Transformations
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Name Date

1. State precise definitions of angle, circle, perpendicular, parallel, and line segment based on the undefined
notions of point, line, distance along a line, and distance around a circular arc.

Angle:

Circle:

Perpendicular:

Parallel:

Line segment:
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GEOMETRY

2. Arigid motion, J, of the plane takes a point, 4, as input and gives C as output, i.e., J(4) = C. Similarly,
J(B) = D for input point B and output point D.

Jerry claims that knowing nothing else about J, we can be sure that AC = BD because rigid motions
preserve distance.

Show that Jerry’s claim is incorrect by giving a counterexample (hint: a counterexample would be a

specific rigid motion and four points 4, B, C, and D in the plane such that the motion takes A to C
and B to D, yet AC % BD).

b. There is a type of rigid motion for which Jerry’s claim is always true. Which type below is it?

Rotation Reflection Translation

c. Suppose Jerry claimed that AB = CD. Would this be true for any rigid motion that satisfies the
conditions described in the first paragraph? Why or why not?

COMMON Module 1: Congruence, Proof, and Constructions ny
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a. Inthe diagram below, lis a line, A is a point on the line, and B is a point not on the line. C is the
midpoint of segment AB. Show how to create a line parallel to [ that passes through B by using a
rotation about C.

b. Suppose that four lines in a given plane, l;, l,, m;, and m, are given, with the conditions (also given)
that l; Il l,, mq Il m,, and [; is neither parallel nor perpendicular to m;.

i. Sketch (freehand) a diagram of [4, [,, m;, and m,, to illustrate the given conditions.

ii.  Inany diagram that illustrates the given conditions, how many distinct angles are formed?
Count only angles that measure less than 180°, and count two angles as the same only if they
have the same vertex and the same edges. Among these angles, how many different angle
measures are formed? Justify your answer.

COMMON Module 1: Congruence, Proof, and Constructions ny
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4. Inthe figure below, there is a reflection that transforms A ABC to triangle A A'B'C".

Use a straightedge and compass to construct the line of reflection and list the steps of the construction.

A
: Al
/B /
e s .f 1
c B |
Module 1: Congruence, Proof, and Constructions n
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5. Precisely define each of the three rigid motion transformations identified.

a. Tﬁ (P)
b. n(P)
C. Rc300(P)

Module 1: Congruence, Proof, and Constructions n
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GEOMETRY
6. Given in the figure below, line [ is the perpendicular bisector of AB and of CD.
.
A B
C D

a. Show AC = BD using rigid motions.

b. Show ~ACD = ~BDC.

c. ShowAB || CD.
ggEEmMON mﬁ:?le 1: g}nlrgg/r;jnce, Proof, and Constructions engage ny 169
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STEP 1 STEP 2 STEP 3 STEP 4
Assessment Missing or incorrect | Missing or incorrect | A correct answer A correct answer
Task Item answer and little answer but with some evidence | supported by
evidence of evidence of some of reasoning or substantial
reasoning or reasoning or application of evidence of solid
application of application of mathematics to reasoning or
mathematics to mathematics to solve the problem, | application of
solve the problem. | solve the problem. | or anincorrect mathematics to
answer with solve the problem.
substantial
evidence of solid
reasoning or
application of
mathematics to
solve the problem.

1 G-CO.A.1 | Student accurately and Student accurately and Student accurately and Student accurately and
precisely articulates the precisely articulates the precisely articulates the precisely articulates the
definitions of only two of | definitions of at least definitions of at least definitions of all five
the five terms, but two three of the five terms, four of the five terms, terms.
of the terms are under- but two of the terms are | but one of the terms is
developed or poorly underdeveloped or underdeveloped or
defined. poorly defined. poorly defined.

2 a—c Student circles Student provides a Student provides a Student provides a
“translation” in part (b), response that includes a counterexample in part correctly reasoned
but the student does not | counterexample in part (a) and presents an idea counterexample in part

G-CO.A.2 provide a correct (a) OR presents an idea to prove that AB = CD (a), circles “translation”
response in parts (a) and | to prove that AB = CD in part (c), but both are in part (b), and justifies
(b) or provides a in part (c). However, less than perfectly clear the claim that AB = CD
response that does not whichever is presented is | in stating the solutions. for any rigid motion in
show clear less than perfectly clear Student circles part (c).
understanding of the in stating the solutions. “translation” in part (b).
application of rigid Student circles
motions. “translation” in part (b).

3 a—b Student provides an Student provides an Student provides an Student provides a
incomplete or irrelevant incomplete description incomplete description correct description of
response in parts (a) and | of the rotation of line [ of the rotation of line [ the rotation of line [

G-CO.A.1 (b.ii) but provides an about C in part (a), an about C in part (a), an about C in part (a), an

G-CO.C.9 appropriate, clearly appropriate, clearly appropriate, clearly appropriate, clearly

G-CO.D.12 | labeled sketch in part labeled sketch for part labeled sketch for part labeled sketch for part

(b.i). (b.i), and an incorrect (b.i), and a justification (b.i), and a justification

number of angles for why there are 16 for why there are 16
formed or an incorrect relevant angles and 2 relevant angles and 2
set of angle measures in | different angle measures | different angle measures
part (b.ii). in part (b.ii). in part (b.ii).
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4 G-CO.A.5 | Student provides a Student provides Student provides Student draws a correct
G-CO.D.12 drawing that is not an appropriate construction | appropriate construction | construction showing all
appropriate construction | marks but makes more marks but makes one appropriate marks,
and an underdeveloped than one error in the error in the construction | including the line of
list of steps. construction or the or the steps; the line of reflection, and the
steps; the line of reflection is drawn. accompanying list of
reflection is drawn. steps is also correct.

5 a—c Student provides Student provides Student provides Student provides precise
inaccurate definitions for | definitions that lack the definitions that lack the definitions for each rigid
the three rigid motions. precise language of an precise language of an motion with correct

G-CO.A4 exemplary response, and | exemplary response. usage of notation.
the student does not
address the points that
are unchanged (i.e., does
not mention that the
rotation of the center
remains fixed).

6 a—c Student provides an Student provides an Student provides a Student provides a
incorrect response or a incorrect response, but response that lacks the correct response for
response that shows the response shows precision of an each of the three parts

G-CO.B.6 little evidence of evidence of the exemplary response, but | that demonstrates a
G-CO.C.9 understanding the beginning of the response shows an clear understanding of
properties of reflections. | understanding of the understanding of the the properties of
properties of reflections. | properties of reflections. | reflections.
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Name Date

1. State precise definitions of angle, circle, perpendicular, parallel, and line segment based on the undefined
notions of point, line, distance along a line, and distance around a circular arc.

Angle:

Ar ample /s formed by Fin Yhat Fare a covmre yavd :
PrIpa i e o0 rags ko st /e gl oty iy A peits

Circle:

F Circle /s ﬁe Set” %a// 0/nZs in @ plane ZHaT Gro cquidistenl 7o
e center po/nt, The Ciccle 1n plane P with center A and nzlg«: HB 75 Lhe set
of a// poryts in P whose distance From B is the same as the distance from 4 foB.

Perpendicular:

74lo A'w: are ' ' . .
' perendicaler 1 £ fhoy bave one oorp?-
/7 the four argles Lo/ med by Zhe ,),;‘-g,»_spth}m_ are al/ right ;Z.fi:;” o and

Parallel:

Tie /1 nes are paradel [ f z‘/ﬁy Jre 177 The same plans and have po 0077 Zs /7
Cp 122722 0s7.

Line segment:

7 /ine : , ' '
ﬂﬁégﬁ,&; feﬂZa;.Z‘ /'S the seZ ?f/’wpz‘/? ard B a,. a///owrjﬁ .
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2. Arigid motion, J, of the plane takes a point, 4, as input and gives C as output, i.e., J(4) = C. Similarly,
J(B) = D for input point B and output point D.

Jerry claims that knowing nothing else about J, we can be sure that AC = BD because rigid motions
preserve distance.

a. Show that Jerry’s claim is incorrect by giving a counterexample (hint: a counterexample would be a
specific rigid motion and four points 4, B, C, and D in the plane such that the motion takes A to C
and B to D, yet AC % BD).

C. Mere T 15 a r lor77 022 ASro5S A
kil Ve é&/ Yoy 7}585/6/37%/7@ Ao A 22 e
B —H—T1"p e is A7 Herand frmxn the orstan ce Fram
B 7 Lhe line. Therefore, the AV57A0e
Frtm 7 44 15 smag e (¢) Js difFerent from
e A'startce 7 B Ao i /ﬂ?’éy’f (D).

'H-—'f‘—

b. There is a type of rigid motion for which Jerry’s claim is always true. Which type below is it?

Rotation Reflection Translatiaﬁ )

c. Suppose Jerry claimed that AB = CD. Would this be true for any rigid motion that satisfies the
conditions described in the first paragraph? Why or why not?

L,%/ becacsse f’{ffﬁf 1POTIIHS ﬁ/ﬁ/ﬂjﬁ/‘?f&?rwﬁ&{/}fmce
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3.

a. Inthe diagram below, L is a line, A is a point on the line, and B is a point not on the line. C is the
midpoint of segment AB. Show how to create a line parallel to [ that passes through B by using a
rotation about C.

B
4
4 l
Take 2 Ve 7 319/‘42‘/&%, féﬁéKZL sl
Line W7 /s e /'ﬂfﬁ_?i %[’/e ey B

A5 rotfatgre, Lowe o passes () c

Z%/vfffé B anZ 15 /:D/d//(/ o /C , ol

b. Suppose that four lines in a given plane, l;, l,, m;, and m, are given, with the conditions (also given)
that l; Il l,, mq Il m,, and [; is neither parallel nor perpendicular to m;.

i.  Sketch (freehand) a diagram of l;, l,, m;, and m,, to illustrate the given conditions.
», P,
2k
oL A
—ZA 1
YN~ Ko
ii.  Inany diagram that illustrates the given conditions, how many distinct angles are formed?
Count only angles that measure less than 180°, and count two angles as the same only if they
have the same vertex and the same edges. Among these angles, how many different angle
measures are formed? Justify your answer.
There are /b Ashhet 47/’77/5 § Wi _h’"" 0{,,{."['“5,.-,‘-/-
ang e mtasures becanse alternate pnderrbrf extens -
01.»15 ¢S are C”é‘”(jrm.n?‘ oncl corre ‘P*""’o"’;’f ij/c i
e C:‘)‘hgrm‘fﬁ
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4. Inthe figure below, there is a reflection that transforms A ABC to triangle A A'B'C".

Use a straightedge and compass to construct the line of reflection and list the steps of the construction.

.l'rllfl- llll
f —
| 2 /f A
¢\ e
M""\-\. - k"" _u"l
4%
N
C!
/

J:;’

| Draw seqwart BE. -
2. Conitrne€ cirell B itk raghing BB,
3. Cowsbruet Cirele B! with vadind B! |
U Commtek dhe b inttrsechod of cirdtd U prel B
CAWS Lo Pt Bivt oF prflLid 1o AW AABC

and AR'BR'CS
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5. Precisely define each of the three rigid motion transformations identified.

s TylP)For yetiov ﬁ_ﬁ the brans Lot fﬂ-[bhq AB isa

temmslotion of the .ulum,'. Hf{{rweﬂr oot ‘?mh Me hE_J_Lm_{F}
8 AL Pyivd mﬁﬁ?pw?& ed dlu Jarsd im%hml plirectisl—
asﬁmﬂ ['l}] rﬂ-" nit o, PI.E M £ ke He Lih.l Harmn b FI-""'"m'\

4y ABand ), bedie Bin forighB gl ) 4 BE . @5 W ekt adly.
b riey Yo o Riad LI a el o scmd 3 L & 4t fismcl o mgtion

Py of e e deligd 2 Bllony ¢ ) £ Gy g At P

L, ()= ad (7). fir oy powt Pm’rmL r,,[ﬂ 5 M
gk @ Sa et EMM Liseche £ 78

Fe el F) Her rabdion of .'{Gﬁwf (VERE) “h’{:""'—‘!ﬁl
A% 'Fhlhul'!-'?ﬂ:;n—h g C Fu'nj' {: ¥, 20" {:C-*\l'_"r‘ c ,ﬁ-}_h..nj_

ﬁ:‘ I{::I"""-I::I-r'l-"'-'-l A T -Fn-ﬁ+P —EE N ik 'h"-.l.. 'P“W‘-.:r &FEI"‘""‘-
RJ.[; ‘h{,l. C5“n+-.:,.-1;-|ulr.l-l..u.l S L--H: Fh‘-"'-'*‘-' E'F' u"n_-.,.! 'C"F

Suchtat € =0CF and LPCH =300
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6. Given in the figure below, line [ is the perpendicular bisector of AB and of CD.

a. Show AC = BD using rigid motions.

Sivce X s zf/._f &1 pends ‘cular bisectsr 57//95' ard Cr'd—’?j 7%e
rellecib 7%/0/4 Vine A brings A B ard O to D Fecause
reffect s ke Jime segmeprts jﬂ’ vuen? /spe 5e/ymeﬂz‘5‘

HC /5 Congrie end Zo

b. Show ~ACD = ~BDC.

]ZF rgyz“/gc?‘/‘mr_z%/b é /ﬂt"f é/’/ 49 /7210 \5 4)7% C ZL‘DD
and 2 /,,, C. /,45’/37/;9 Sy 59 !z‘o rey 295 Aay o Joes Zo
72y 2C, JFe /méff oF LA C.D /5 Z%ercr;@/e [0;7;',;/4,02‘ Zo LBDc .

c. ShowA4B | CD.

I5€ e tr

FIB// cp hecause +he /pr_e,wbcm/a.f b,

INYersects -ﬂ.e o lineg ufre.mﬁ)aj c,;.),,j eent
0{3“"55}09‘:‘10&?\7 ﬂﬂ(? ({,.3
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4( Mathematics Curriculum

GEOMETRY ¢ MODULE 1

Topic D:
Congruence

G-CO.B.7, G-CO.B.8

Focus Standard: G-CO.B.7 Use the definition of congruence in terms of rigid motions to show that two
triangles are congruent if and only if corresponding pairs of sides and
corresponding pairs of angles are congruent.

G-CO.B.8 Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow
from the definition of congruence in terms of rigid motions.

Instructional Days: 6
Lesson 22: Congruence Criteria for Triangles—SAS (P)?
Lesson 23: Base Angles of Isosceles Triangles (E)
Lesson 24: Congruence Criteria for Triangles—ASA and SSS (P)
Lesson 25: Congruence Criteria for Triangles—AAS and HL (E)

Lessons 26—27: Triangle Congruency Proofs (P, P)

In Topic D, students use the knowledge of rigid motions developed in Topic C to determine and prove triangle
congruence. At this point, students have a well-developed definition of congruence supported by empirical
investigation. They can now develop an understanding of traditional congruence criteria for triangles, such as
SAS, ASA, and SSS, and devise formal methods of proof by direct use of transformations. As students prove
congruence using the three criteria, they also investigate why AAS also leads toward a viable proof of
congruence and why SSA cannot be used to establish congruence. Examining and establishing these methods
of proving congruency leads to analysis and application of specific properties of lines, angles, and polygons in
Topic E.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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Lesson 22: Congruence Criteria for Triangles—SAS

Student Outcomes

=  Students learn why any two triangles that satisfy the SAS congruence criterion must be congruent.

Lesson Notes

In Lesson 22, we begin to investigate criteria, or the indicators, of triangle congruence. Students are introduced to the
concept in Grade 8, but have justified the criteria of triangle congruence (i.e., ASA, SAS, and SSS) in a more hands-on
manner, manipulating physical forms of triangles through rigid motions to determine whether or not a pair of triangles is
congruent. In this course, students formally prove the triangle congruency criteria.

Note that in the lessons that follow, proofs may employ both statements of equality of measure of angles and lengths of
segments and statements of congruence of angles and segments. While not introduced formally, it is intuitively clear
that two segments will be congruent if and only if they are equal in length; similarly, two angles are equal in measure if
and only if they are congruent. That is, a segment can be mapped onto another if and only if they are equal in length,
and an angle can be mapped onto another if and only if they are equal in measure. Another implication is that some of
our key facts and discoveries may also be stated in terms of congruence, such as “Vertical angles are congruent” or “If
two lines are cut by a transversal such that a pair of alternate interior angles are congruent, then the lines are parallel.”
Discuss these results with your students. Exercise 4 within this Lesson is designed for students to develop understanding
of the logical equivalency of these statements.

Classwork

Opening Exercise (5 minutes)

Opening Exercise
Answer the following question. Then discuss your answer with a partner.

Do you think it is possible to know that there is a rigid motion that takes one triangle to another without actually showing
the particular rigid motion? Why or why not?

Answers may vary. Some students may think it is not possible because it is necessary to show the transformation as proof
of its existence. Others may think it is possible by examining the triangles carefully.

It is common for curricula to take indicators of triangle congruence such as SAS and ASA as axiomatic, but this
curriculum, defines congruence in terms of rigid motions (as defined in the G-CO domain). However, it can be shown
that these commonly used statements (SAS, ASA, etc.) follow from this definition of congruence and the properties of
basic rigid motions (G-CO.B.8). Thus, these statements are indicators of whether rigid motions exist to take one triangle
to the other. In other words, we have agreed to use the word congruent to mean there exists a composition of basic
rigid motion of the plane that maps one figure to the other. We will see that SAS, ASA, and SSS imply the existence of the
rigid motion needed, but precision demands that we explain how and why.
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While there are multiple proofs that show that SAS follows from the definition of congruence in terms of rigid motions
and the properties of basic rigid motions, the one that appears in this lesson is one of the versions most accessible for

students.

Discussion (20 minutes)

COMMON Lesson 22: Congruence Criteria for Triangles—SAS ny
engage

Discussion

It is true that we will not need to show the rigid motion to be able to know that there is one. We are going to show that
there are criteria that refer to a few parts of the two triangles and a correspondence between them that guarantee
congruency (i.e., existence of rigid motion). We start with the Side-Angle-Side (SAS) criteria.

Side-Angle-Side Triangle Congruence Criteria (SAS): Given two triangles A ABC and A A'B'C’ so that AB = A'B’ (Side),
mzA = mzA’ (Angle), AC = A'C’ (Side). Then the triangles are congruent.

The steps below show the most general case for determining a congruence between two triangles that satisfy the SAS
criteria. Note that not all steps are needed for every pair of triangles. For example, sometimes the triangles will already
share a vertex. Sometimes a reflection will be needed, sometimes not. It is important to understand that we can always
use the steps below—some or all of them—to determine a congruence between the two triangles that satisfies the SAS

criteria.

Proof: Provided the two distinct triangles below, assume AB = A'B’ (Side), m2A = mzA' (Angle), AC = A'C’ (Side).

A
B B’

C A'

C.r
By our definition of congruence, we will have to find a composition of rigid motions will map A A'B'C’ to A ABC. We
must find a congruence F so that F(A A'B'C') = A ABC. First, use a translation T to map a common vertex.
Which two points determine the appropriate vector?

A A

Can any other pair of points be used? Why or why not?

No. We use A" and A because only these angles are congruent by assumption.

State the vector in the picture below that can be used to translate A A'B'C’.

A4
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Using a dotted line, draw an intermediate position of A A'B'C’ as it moves along the vector:

A

After the translation (below), Tz (A A'B’C’) shares one vertex with A ABC, A. In fact, we can say

T;:(AA'B'C') = A AB"C". B

C"
C

Next, use a clockwise rotation R ¢4 to bring the sides AC” to AC (or counterclockwise rotation to bring AB” to AB).

BH

S Yold

C

A rotation of appropriate measure will map AC" to AC, but how can we be sure that vertex C"’ maps to C? Recall that
part of our assumption is that the lengths of sides in question are equal, ensuring that the rotation maps €' to C. (AC =
AC"'; the translation performed is a rigid motion, and thereby did not alter the length when AC’ became AC"'.)

A

BH!

C

After the rotation R, 4.7 (A AB''C"), a total of two vertices are shared with A ABC, A and C. Therefore,

R,cac (0 AB"C'") = A AB"'C.

Lesson 22: Congruence Criteria for Triangles—SAS n
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Finally, if B"' and B are on opposite sides of the line that joins AC, a
reflection r4¢ brings B’ to the same side as B. U

Since a reflection is a rigid motion and it preserves angle measures, we
know that mzB'"AC = m£BAC and so AB'"’ maps to AB. If, however, B

AB" coincides with AB, can we be certain that B’ actually maps to B?
We can, because not only are we certain that the rays coincide but also by
our assumption that AB = AB'"’. (Our assumption began as AB = A'B’,
but the translation and rotation have preserved this length now as AB"".)
Taken together, these two pieces of information ensure that the reflection
over AC brings B’ to B.

o

Another way to visually confirm this is to draw the marks of the_ perpendicular bisector construction for AC.

Write the transformations used to correctly notate the congruence (the composition of transformations) that take
AA'B'C' =AABC:

F Translation

A
B B’
G Rotation : }
H Reflection 8, A
H (G(F(A A'B'C'))) = A ABC

o

We have now shown a sequence of rigid motions that takes A A'B'C’ to A ABC with the use of just three criteria from
each triangle: two sides and an included angle. Given any two distinct triangles, we could perform a similar proof.
There is another situation when the triangles are not distinct, where a modified proof will be needed to show that the
triangles map onto each other. Examine these below. Note that when using the Side-Angle-Side triangle congruence
criteria as a reason in a proof, you need only state the congruence and “SAS.”

Example 1 (5 minutes)

Students try an example based on the Discussion.

Example 1
What if we had the SAS criteria for two triangles that were not distinct? Consider the following two cases. How would
the transformations needed to demonstrate congruence change?
Case Diagram Transformations
6 Needed
A
B
Shared Side B reflection
B"
) rotation
Shared Vertex B 7
reflection
Vol
C

Lesson 22: Congruence Criteria for Triangles—SAS n
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Exercises 1-4 (7 minutes)

Exercises 1-4

1. Given: Triangles with a pair of corresponding sides of equal length and a pair of included angles of equal measure.
Sketch and label three phases of the sequence of rigid motions that prove the two triangles to be congruent.

Translation Rotation Reflection

o>
T '*%

Justify whether the triangles meet the SAS congruence criteria; explicitly state which pairs of sides or angles are
congruent and why. If the triangles do meet the SAS congruence criteria, describe the rigid motion(s) that would
map one triangle onto the other.

L
2. Given: mZLNM = mzLNO, MN = ON

Do A LNM and A LOM meet the SAS criteria?
m/LNM = mzLNO Given N 0
MN = ON Given
LN =LN Reflexive property
A LMN =A LOM SAS

M

The triangles map onto one another with a reflection over LN.

3.  Given: mzHGI = mzJIG, HG = JI

Do A HGI and A JIG meet the SAS criteria? G . nH
msHGI = mzJIG Given

HG =]I Given

GI = GI Reflexive property J t I
AHGI =A]JIG SAS

The triangles map onto one another with a 180° rotation about the midpoint of the diagonal.
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4. Isittrue that we could also have proved A HGI and =A JIG meet the SAS criteria if we had been given that
2HGI = £JIG and HG = JI? Explain why or why not.

Yes, this is true. Whenever angles are equal, they can also be described as congruent. Since rigid motions preserve
angle measure, for two angles of equal measure, there always exists a sequence of rigid motions that will carry one
onto the other. Additionally, since rigid motions preserve distance, for two segments of equal length, there always
exists a sequence of rigid motions that will carry one onto the other.

Exit Ticket (8 minutes)

Lesson 22: Congruence Criteria for Triangles—SAS n
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Name Date

Lesson 22: Congruence Criteria for Triangles—SAS

Exit Ticket

If two triangles satisfy the SAS criteria, describe the rigid motion(s) that would map one onto the other in the following
cases.

1. The two triangles shared a single common vertex?

2. The two triangles were distinct from each other?

3. The two triangles shared a common side?
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Exit Ticket Sample Solutions

If two triangles satisfy the SAS criteria, describe the rigid motion(s) that would map one onto the other in the following
cases.

1. The two triangles shared a single common vertex?

Rotation, reflection

2.  The two triangles were distinct from each other?

Translation, rotation, reflection

3.  The two triangles shared a common side?

Reflection

Problem Set Sample Solutions

Justify whether the triangles meet the SAS congruence criteria; explicitly state which pairs of sides or angles are congruent
and why. If the triangles do meet the SAS congruence criteria, describe the rigid motion(s) that would
map one triangle onto the other.

. [ A B
1. Given: AB || CD, AB =CD
Do A ABD and A CDB meet the SAS criteria?
AB =CD,AB || CD Given ,
D 7 C
BD = DB Reflexive property
mzABC = m«zCDB If a transversal intersects two parallel lines, then the measures of the alternate
interior angles are equal in measure
A ABD = A CDB SAS

The triangles map onto one another with a 180° rotation about the midpoint of the diagonal.

2. Given: msZR = 25°, RT =7", SU=5",ST = 5"
Do A RSU and A RST meet the SAS criteria?

Not enough information given.

3. Given: KM and JN bisect each other.

Do A JKL and A NML meet the SAS criteria? N
KM and JN bisect each other Given K

mzsKL] = mzZMLN Vertical angles are equal in measure L

KL= LM Definition of a segment bisector M
JL=LN Definition of a segment bisector |

AJKL =A NML SAS

The triangles map onto one another with a 180° rotation about L.
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4, Given: ms1 =mz2,BC = DC A
Do A ABC and A ADC meet the SAS criteria?
mzs1 = mz2 Given
BC =DC Given
AC = AC Reflexive property -
A ABC =A ADC Side Angle Side criteria
— B D
The triangles map onto one another with a reflection over AC.
5. Given: AE bisects angle ZBCD, BC = DC
Do A CAB and A CAD meet the SAS criteria? B
AE bisects angle 2BCD Given
m«£BCA = ms«DCA Definition of an angle bisector . c -
BC =DC Given
AC = AC Reflexive property
A CAD =A CAB SAS %
The triangles map onto one another with a reflection over ac
6. Given: SU and RT bisect each other
Do A SVR and A UVT meet the SAS criteria? s T
SU and RT bisect each other ~ Given
SV =0V Definition of a segment bisector
RV =VT Definition of a segment bisector R u
msSVR = mzUVT Vertical angles are equal in measure
ASVR =AUVT SAS
The triangles map onto one another with a 180° rotation about V.
7. Given:JM = KL, JM L ML, KL L ML ] X
Do A JML and A KLM meet the SAS criteria?
JM = KL Given
JM L ML, KM L ML Given 3
M
msJML = 90°, mzZKLM = 90° Definition of perpendicular lines
msJML = mzZKLM Transitive property
ML = LM Reflexive property
AJML =A KLM SAS
The triangles map onto one another with a reflection over the perpendicular bisector of ML.
8. Given: BF L AC, CE L AB 4
Do A BED and A CFD meet the SAS criteria?
Not enough information given.
E Vo
D
B C

Congruence Criteria for Triangles—SAS
6/14/14

COMMON Lesson 22:
CORE"‘ Date:

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

engage™

ch BY-NC-SA This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 22 m 0

GEOMETRY

9. Given: mzZVXY = mzVYX W 7z

Do A VXW and A VYZ meet the SAS criteria?

Not enough information given. ¥

X Y

10. Given A RST is isosceles with RS = RT, SY =TZ. R

Do A RSY and A RTZ meet the SAS criteria?

A RST is isosceles with RS = RT Given

msS = msT Base angles of an isosceles triangle

are equal in measure § 2 7 T
SY=TZ Given
A RSY =ARTZ SAS

MMON Lesson 22: Congruence Criteria for Triangles—SAS n
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IQI Lesson 23: Base Angles of Isosceles Triangles

Student Outcomes
=  Students examine two different proof techniques via a familiar theorem.

=  Students complete proofs involving properties of an isosceles triangle.

Lesson Notes

In Lesson 23, students study two proofs to demonstrate why the base angles of isosceles triangles are congruent. The
first proof uses transformations, while the second uses the recently acquired understanding of the SAS triangle
congruency. The demonstration of both proofs will highlight the utility of the SAS criteria. Encourage students to
articulate why the SAS criteria is so useful.

The goal of this lesson is to compare two different proof techniques by investigating a familiar theorem. Be careful not
to suggest that proving an established fact about isosceles triangles is somehow the significant aspect of this lesson.
However, if you need to, you can help motivate the lesson by appealing to history. Point out that Euclid used SAS and
that the first application he made of it was in proving that base angles of an isosceles triangle are congruent. Thisis a
famous part of the Elements. Today, proofs using SAS and proofs using rigid motions are valued equally.

Classwork

Opening Exercise (7 minutes)

Opening Exercise
Describe the additional piece of information needed for each pair of triangles to satisfy the SAS triangle congruence
criteria.
4 D
1. Given: AB =DC
AB 1 BC,DC 1 CB,orm/B = m«C
Prove: A ABC =A DCB
B C
2. Given: AB = RS A R
AB | RS
CB =TS orCT =BS
Prove: A ABC =A RST
C T B S

Lesson 23: Base Angles of Isosceles Triangles n
CQMMON | o G engage™ s
This work is licensed under a

© 2014 Common Core, Inc. Some rights reserved. commoncoreorg ch BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 23 m o

GEOMETRY

Exploratory Challenge (25 minutes)

Exploratory Challenge

Today we examine a geometry fact that we already accept to be true. We are going to
prove this known fact in two ways: (1) by using transformations and (2) by using SAS A
triangle congruence criteria.

Here is isosceles triangle ABC. We accept that an isosceles triangle, which has (at
least) two congruent sides, also has congruent base angles.

Label the congruent angles in the figure.

Now we will prove that the base angles of an isosceles triangle are always congruent.

Prove Base Angles of an Isosceles are Congruent: Transformations

While simpler proofs do exist, this version is included to reinforce the idea of congruence as defined by rigid motions.
Allow 15 minutes for the first proof.

Prove Base Angles of an Isosceles are Congruent: Transformations
Given: Isosceles A ABC, with AB = AC

Prove: msB = m«C

Construction: Draw the angle bisector AD of £A, where D is the intersection of the
bisector and BC. We need to show that rigid motions will map point B to point C and
point C to point B.

B D C
Let r be the reflection through aD. Through the reflection, we want to demonstrate two pieces of information that map
B to point C and vice versa: (1) AB maps to /Td and (2) AB = AC.

Since A is on the line of reflection, ﬁ, 1(A) = A. Reflections preserve angle measures, so the measure of the reflected
angle r(£BAD) equals the measure of 2CAD); therefore, r(ﬁ) = AC. Reflections also preserve lengths of segments;
therefore, the reflection of AB will still have the same length as AB. By hypothesis, AB = AC, so the length of the
reflection will also be equal to AC. Then r(B) = C. Using similar reasoning, we can show that r(C) = B.

Reflections map rays to rays, so r(ﬁ) = CA and r(ﬁ) =CB. Again, since reflections preserve angle measures, the
measure of (2ABC) is equal to the measure of LACB.

We conclude that mzB = m<C. Equivalently, we can state that 2B = 2C. In proofs, we can state that “base angles of
an isosceles triangle are equal in measure” or that “base angles of an isosceles triangle are congruent.”
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Prove Base Angles of an Isosceles are Congruent: SAS

Allow 10 minutes for the second proof.

Prove Base Angles of an Isosceles are Congruent: SAS
Given: Isosceles A ABC, with AB = AC A

Prove: 4B = /C

Construction: Draw the angle bisector AD of 2A, where D is the intersection of the
bisector and BC. We are going to use this auxiliary line towards our SAS criteria.

Allow students five minutes to attempt the proof on their own.

AB = AC Given

AD = AD Reflexive property

msBAD = mzCAD Definition of an angle bisector

A ABD =A ACD Side Angle Side criteria

/4B = +£C Corresponding angles of congruent triangles are congruent

Exercises (10 minutes)

Note that in Exercise 4, students are asked to use transformations in the proof. This is intentional to reinforce the notion
that congruence is defined in terms of rigid motions.

Exercises J
1. Given: JK = JL; JR bisects KL
Prove: JR LKL
JK =]JL Given K R L
2K = ¢£L Base angles of an isosceles triangle are congruent.
KR =RL Definition of a segment bisector
~AJRK = A JRL SAS
2JRK = £JRL Corresponding angles of congruent triangles are congruent.
msJRK + mzJRL = 180° Linear pairs form supplementary angles.
2(£JRK) = 180° Substitution property of equality
2JRK = 90° Division property of equality
~ JR LKL Definition of perpendicular lines
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2. Given: AB = AC, XB = XC A
Prove: AX bisects LBAC
X
B C
AB = AC Given
mzABC = mzACB Base angles of an isosceles triangle are congruent.
XB = XC Given
msXBC = mzXCB Base angles of an isosceles triangle are equal in measure
msABC = mzZABX + mzXBC,
msACB = m£ACX + m£ZXCB  Angle addition postulate
mzABX = mzZABC — m«XBC,
msACX = mzZACB — mz«XCB  Subtraction property of equality
msABX = mzACX Substitution property of equality
~ AABX = A ACX SAS
¢.BAX = £CAX Corresponding part of congruent triangles are congruent
- AX bisects £BAC. Definition of an angle bisector
3. Given: JX=JY,KX =LY
Prove: A JKL is isosceles
J
JX=JY GI.VGH p 3/1 \4 "
KX =LY Given X Y
ms1 =mz2 Base angles of an isosceles triangle are equal in measure
ms1+ mzs3 = 180° Linear pairs form supplementary angles
ms2 + mz4 = 180° Linear pairs form supplementary angles
m«3 = 180° — mz1 Subtraction property of equality
mzs4 = 180° — m«3  Subtraction property of equality
ms3 = mz4 Substitution property of equality
~ AJKX =AJYL SAS
JK =JL Corresponding segments of congruent triangles are congruent.
~ A JKLisisosceles  Definition of an isosceles triangle
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4. Given: A ABC, withmzZCBA = mZBCA
Prove: BA=CA 4
(Converse of base angles of isosceles triangle)
Hint: Use a transformation.
B C

Proof:

We can prove that AB = AC by using rigid motions. Construct the perpendicular bisector L to BC. Note that we do
not know whether the point A is on L. If we did, we would know immediately that AB = AC, since all points on the
perpendicular bisector are equidistant from B and C. We need to show that A is on l, or equivalently, that the
reflection across [ takes A to A.

Let r; be the transformation that reflects the A ABC across L. Since L is the perpendicular bisector, r;(B) = C and
1,(C) = B. We do not know where the transformation takes A; for now, let us say that r;(A) = A'.

Since £CBA = £BCA and rigid motions preserve angle measures, after applying r; to 2BCA, we get that .CBA =
£CBA'. Angle £CBA and angle .CBA' share a ray BC, are of equal measure, and A and A’ are both in the same

half-plane with respect to line BC. Hence, BA and ﬁ are the same ray. In particular, A’ is a point somewhere on
BA.

Likewise, applying r, to .CBA gives £BCA = £BCA’, and for the same reasons in the previous paragraph, A’ must
also be a point somewhere on ﬁ. Therefore, A’ is common to both BA and ﬁ.

The only point common to both BA and CA iis point A; thus, A and A’ must be the same point, i.e., A = A'.

Hence, the reflection takes A to A, which means A is on the line l and 1, (ﬁ) =CA = ﬁ, or BA = CA.

5.  Given: A ABC, with XY is the angle bisector of 2BY A, and BC || XY
Prove: YB=YC
B
X,
o 4 ¥ ¢
BC || XY Given

m«zXYB = m«CBY When two parallel lines are cut by a transversal, the alternate interior angles are equal
mszXYA = msBCY When two parallel lines are cut by a transversal, the corresponding angles are equal
m«XYA = mzXYB  Definition of an angles bisector

mzsCBY = mzBCY  Substitution property of equality

YB=YC When the base angles of a triangle are equal in measure, the triangle is isosceles

Exit Ticket (3 minutes)
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Lesson 23: Base Angles of Isosceles Triangles

Exit Ticket

For each of the following, if the given congruence exists, name the isosceles triangle and name the pair of congruent
angles for the triangle based on the image above.

1. AE =FL 2. LE=1G
3. AN=1LN 4. EN = NG
5. NG =GL 6. AE =EN
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Exit Ticket Sample Solutions
A G
N
E L
For each of the following, if the given congruence exists, name the isosceles triangle and name the pair of congruent
angles for the triangle based on the image above.
1. AE=EL 2. LE=LG
A AEL, LEAL = £ELA A LEG, £LEG = £LGE
3. AN=IN 4. EN=NG
ANLA, £NLA = «NAL A NGE, £NGE = «NEG
5. NG=GL 6. AE=EN
A GLN, £GNL = £GLN A AEN, £ENA = LEAN
Problem Set Sample Solutions
1.  Given: AB = BC, AD = DC B
Prove: A ADB and A CDB are right triangles
AB = BC Given
A ABC is isosceles Definition of isosceles triangle A D ¢
mszA = m«C Base angles of an isosceles triangle are equal in measure
AD = DC Given
A ADB = A CDB SAS
msADB = mzCDB Corresponding angles of congruent triangles are equal in measure
mzADB + m«CDB = 180° Linear pairs form supplementary angles
2(mzADB) = 180° Substitution property of equality
mzADB = 90° Division property of equality
m«CDB = 90° Transitive property
A ADB and A CDB are right triangles Definition of a right triangle
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2.  Given: AC = AE and BF ||CE a
Prove: AB = AF

AC = AE Given

A ACE is isosceles Definition of isosceles triangle
mzACE = m£AEC Base angles of an isosceles triangle are equal in measure
BF || CE Given

msACE = mzABF If parallel lines are cut by a transversal, then corresponding angles are equal in
measure

mzAFB = mZAEC If parallel lines are cut by a transversal, then corresponding angles are equal in
measure

mzAFB = mzZABF Transitive property
A ABF is isosceles If the base angles of a triangle are equal in measure, the triangle is isosceles

AB = AF Definition of an isosceles triangle

3. Inthe diagram, A ABC is isosceles with AC =4B. In your own words, describe how transformations and the
properties of rigid motions can be used to show that 2C = 2B.

Answers will vary. A possible response would summarize the key elements
of the proof from the lesson, such as the response below.

It can be shown that £C = £B using a reflection across the bisector of £A.
The two angles formed by the bisector of ~A would be mapped onto one
another since they share a ray, and rigid motions preserve angle measure.

Since segment length is also preserved, B is mapped onto C and vice versa.

Finally, since rays are taken to rays and rigid motions preserve angle
measure, CAis mapped onto ﬁ, CBis mapped onto EE", and £C is
mapped onto £B. From this, we see that £C = /B.

Lesson 23: Base Angles of Isosceles Triangles n
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Lesson 24: Congruence Criteria for Triangles—ASA and SSS

Student Outcomes

= Students learn why any two triangles that satisfy the ASA or SSS congruence criteria must be congruent.

Lesson Notes

This is the third lesson in the congruency topic. So far, students have studied the SAS triangle congruence criteria and
how to prove base angles of an isosceles triangle are congruent. Students examine two more triangle congruence
criteria in this lesson: ASA and SSS. Each proof assumes the initial steps from the proof of SAS; ask students to refer to
their notes on SAS to recall these steps before proceeding with the rest of the proof. Exercises will require the use of all
three triangle congruence criteria.

Classwork

Opening Exercise (7 minutes)

Opening Exercise

Use the provided 30° angle as one base angle of an isosceles triangle. Use a compass and straight edge to construct an
appropriate isosceles triangle around it.

4 \

Compare your constructed isosceles triangle with a neighbor’s. Does the use of a given angle measure guarantee that all
the triangles constructed in class have corresponding sides of equal lengths?

No, side lengths may vary.

Discussion (25 minutes)

There are a variety of proofs of the ASA and SSS criteria. These follow from the SAS criteria, already proved in Lesson 22.

Discussion

Today we are going to examine two more triangle congruence criteria, Angle-Side-Angle (ASA) and Side-Side-Side (SSS),
to add to the SAS criteria we have already learned. We begin with the ASA criteria.

Angle-Side-Angle Triangle Congruence Criteria (ASA): Given two triangles ABC and A'B'C’. If m£CAB = m«C'A'B’
(Angle), AB = A'B’ (Side), and m2CBA = m«C’'B’'A’ (Angle), then the triangles are congruent.
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Proof:

We do not begin at the very beginning of this proof. Revisit your notes on the SAS proof, and recall that there are three
cases to consider when comparing two triangles. In the most general case, when comparing two distinct triangles, we
translate one vertex to another (choose congruent corresponding angles). A rotation brings congruent, corresponding
sides together. Since the ASA criteria allows for these steps, we begin here.

C

C."H’

In order to map A ABC'"' to A ABC, we apply a reflection r across the line AB. A reflection will map A to A and B to B,
since they are on line AB. However, we will say that 7(C'"") = C*. Though we know that 7(C'"") is now in the same half-
plane of line AB as C, we cannot assume that C'"" maps to C. So we have r(A ABC""") =A ABC*. To prove the
theorem, we need to verify that C* is C.

By hypothesis, we know that ZCAB = 2C""'AB (recall that 2C'""'AB is the result of two rigid motions of 2C'A’'B’, so must
have the same angle measure as 2C'A'B’). Similarly, 2CBA = 2C"'BA. Since £CAB = r(£C'""AB) = £C*AB, and C

and C” are in the same half-plane of line AB, we conclude that AC and AC* must actually be the same ray. Because the
points A and C* define the same ray as R, the point C* must be a point somewhere on AC. Using the second equality of
angles, £CBA = r(«C""BA) = +LC*BA, we can also conclude that BC and BC* must be the same ray. Therefore, the
point C* must also be on BC. Since C" is on both AC and R, and the two rays only have one point in common, namely C,
we conclude that C = C".

We have now used a series of rigid motions to map two triangles onto one another that meet the ASA criteria.

Side-Side-Side Triangle Congruence Criteria (SSS): Given two triangles ABC and A’'B’C’. If AB = A'B’ (Side), AC = A'C’
(Side), and BC = B'C’ (Side) then the triangles are congruent.

Proof:

Again, we do not start at the beginning of this proof, but assume there is a congruence that brings a pair of corresponding
sides together, namely the longest side of each triangle.

B’

Without any information about the angles of the triangles, we cannot perform a reflection as we have in the proofs for
SAS and ASA. What can we do? First we add a construction: Draw an auxiliary line from B to B’, and label the angles
created by the auxiliary line asr, s, t, and u.

Lesson 24: Congruence Criteria for Triangles—ASA and SSS n
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S:iU

Br

Since AB = AB' and CB = CB', A ABB' and A CBB' are both isosceles triangles respectively by definition. Therefore,

r = s because they are base angles of an isosceles triangle ABB'. Similarly, m£t = m£u because they are base angles of
A CBB'. Hence, ZABC = m4r + mst = mss + mzu = £LAB'C. Since m£ABC = m£AB'C, we say that

A ABC =A AB'C by SAS.

We have now used a series of rigid motions and a construction to map two triangles that meet the SSS criteria onto one
another. Note that when using the Side-Side-Side triangle congruence criteria as a reason in a proof, you need only state
the congruence and “SSS.” Similarly, when using the Angle-Side-Angle congruence as a reason in a proof, you need only
state the congruence and “ASA.”

Now we have three triangle congruence criteria at our disposal: SAS, ASA, and SSS. We will use these criteria to
determine whether or not pairs of triangles are congruent.

Exercises (6 minutes)

These exercises involve applying the newly developed congruence criteria to a variety of diagrams.

Exercises
Based on the information provided, determine whether a congruence exists between triangles. If a congruence exists
between triangles or if multiple congruencies exist, state the congruencies and the criteria used to determine them.
1. Given: M is the midpoint of HP, mzH = mZP.
A GHM =A RPM, ASA G
M
R
I d
2. Given: Rectangle JKLM with diagonal KM. I X
AJKM =A LMK, SSS/SAS/ASA
M L
3. Given: RY = RB, AR = XR. A X
A ARY = A XRB, SAS
A ABY = A XBY, SAS
Y B

Lesson 24: Congruence Criteria for Triangles—ASA and SSS n
CQMMON | oo e engage™ 1

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; ICC BY-NC-SA This work is licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 24 m 0

GEOMETRY

4, Given: mzA = m«D, AE = DE. B
A AEB =A DEC, ASA

A DBC =A ACB, SAS/ASA

5. Given: AB = AC,BD = %AB, CE = %AC.

AABE =A ACD, SAS

Exit Ticket (7 minutes)
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Lesson 24: Congruence Criteria for Triangles—ASA and SSS

Exit Ticket

Based on the information provided, determine whether a congruence exists between triangles. If a congruence exists
between triangles or if multiple congruencies exist, state the congruencies and the criteria used to determine them.

Given: BD = CD, E is the midpoint of BC. A
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Exit Ticket Sample Solutions

Based on the information provided, determine whether a congruence exists between triangles. If a congruence exists
between triangles or if multiple congruencies exist, state the congruencies and the criteria used to determine them.

A
Given: BD = CD, E is the midpoint of BC.
A ABE =A ACD, SAS

Problem Set Sample Solutions

Use your knowledge of triangle congruence criteria to write proofs for each of the following problems.
1. Given: Circles with centers 4 and B intersect at C and D.
Prove: 2CAB = +DAB.
CA=DA Radius of circle
CB =DB Radius of circle
AB = AB Reflexive property
A CAB =A DAB SsS
£CAB = +DAB Corresponding angles of congruent triangles are congruent
2.  Given: mzsJ =mzM, JA = MB, JK = KL = LM.
Prove: KR = LR. A B
msJ = mszM Given
JA=MB Given
JK =KL =LM Given
J K L M
JL=JK+ KL Partition property or segments add
KM = KL+ LM Partition property or segments add
KL = KL Reflexive property
JK+ KL =KL+ LM Addition property of equality
JL=KM Substitution property of equality
A AJL =A BMK SAS
ZRKL = £RLK Corresponding angles of congruent triangles are congruent
KR = IR If two angles of a triangle are congruent, the sides opposite those angles are congruent
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3. Given: msw = msx and m£y = m<Zz. B
Prove: (1) A ABE = A ACE.
(2) AB = ACand AD 1 BC. A w Y _1p
X ENZ
msy = msz Given
msAEB = mzAEC Supplements of equal angles are equal in measure C
AE = AE Reflexive property
msw = ms4x Given
~ AABE = AACE ASA
~AB = AC Corresponding sides of congruent triangles are congruent
AD = AD Reflexive property
A CAD = A BAD SAS
mzADC = mzADB Corresponding angles of congruent triangles are equal in measure
mzADC + mzZADB = 180° Linear pairs form supplementary angles.
2(mzADC) = 180° Substitution property of equality
mzADC = 90° Division property of equality
AD L BC Definition of perpendicular lines
4.  After completing the last exercise, Jeanne said, “We also could have been given that zw = zx and 2y = 2z. This
would also have allowed us to prove that A ABE =A ACE.” Do you agree? Why or why not?
Yes; any time angles are equal in measure, we can also say that they are congruent. This is because rigid motions
preserve angle measure; therefore, any time angles are equal in measure, there exists a sequence of rigid motions
that carries one onto the other.
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m Lesson 25: Congruence Criteria for Triangles—AAS and HL

Student Outcomes
= Students learn why any two triangles that satisfy the AAS or HL congruence criteria must be congruent.

= Students learn why any two triangles that meet the AAA or SSA criteria are not necessarily congruent.

Classwork

Opening Exercise (7 minutes)

Opening Exercise
Write a proof for the following question. Once done, compare your proof with a neighbor’s.
Given: DE = DG, EF = GF

Prove: DF is the angle bisector of LZEDG

DE = DG Given

EF = GF Given

DF = DF Reflexive property D

A DEF = A DGF Sss

LEDF = £GDF Corresponding angles of congruent triangles are congruent.

DF is the angle bisector of ZEDG  Definition of an angle bisector

Exploratory Challenge (25 minutes)

The included proofs of AAS and HL are not transformational; rather, they follow from ASA and SSS, already proved.

Exploratory Challenge

Today we are going to examine three possible triangle congruence criteria, Angle-Angle-Side (AAS), Side-Side-Angle (SSA),
and Angle-Angle-Angle (AAA). Ultimately, only one of the three possible criteria will ensure congruence.

Angle-Angle-Side Triangle Congruence Criteria (AAS): Given two triangles ABC and A'B'C’. I1f AB = A’'B’ (Side), mzB =
m<B' (Angle), and m4£C = m£C’ (Angle), then the triangles are congruent.

Proof:

Consider a pair of triangles that meet the AAS criteria. If you knew that two angles of one triangle corresponded to and
were equal in measure to two angles of the other triangle, what conclusions can you draw about the third angles of each
triangle?
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Since the first two angles are equal in measure, the third angles must also be equal in measure.

A D

B C E F

Given this conclusion, which formerly learned triangle congruence criteria can we use to determine if the pair of triangles
are congruent?

ASA

Therefore, the AAS criterion is actually an extension of the ASA triangle congruence criterion.

Note that when using the Angle-Angle-Side triangle congruence criteria as a reason in a proof, you need only state the
congruence and “AAS.”

Hypotenuse-Leg Triangle Congruence Criteria (HL): Given two right triangles ABC and A’B’C’ with right angles B and B/,
if AB = A'B’ (Leg) and AC = A'C' (Hypotenuse), then the triangles are congruent.

Proof:

As with some of our other proofs, we will not start at the very beginning, but imagine that a congruence exists so that
triangles have been brought together such that A = A’ and € = C’; the hypotenuse acts as a common side to the
transformed triangles.

%

BF

Similar to the proof for SSS, we add a construction and draw BB'.

A ABB' is isosceles by definition, and we can conclude that base angles m2ABB' = m£AB’'B. Since CBB' and CB'B
are both the complements of equal angle measures (ZABB’ and 2AB'B), they too are equal in measure. Furthermore,
since m£CBB’ = m«CB’B, the sides of A CBB' opposite them are equal in measure: BC = B'C'.

Then, by SSS, we can conclude A ABC = A A'B'C’. Note that when using the Hypotenuse-Leg triangle congruence criteria
as a reason in a proof, you need only state the congruence and “HL.”
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Criteria that do not determine two triangles as congruent: SSA and AAA

Side-Side-Angle (SSA): Observe the diagrams below. Each triangle has a set of adjacent sides of measures 11 and 9, as
well as the non-included angle of 23°. Yet, the triangles are not congruent.

11
11
I A
23°
A T A C

Examine the composite made of both triangles. The sides of lengths 9 each have been dashed to show their possible
locations.

The triangles that satisfy the conditions of SSA cannot guarantee congruence criteria. In other words, two triangles under
SSA criteria may or may not be congruent; therefore, we cannot categorize SSA as congruence criterion.

Angle-Angle-Angle (AAA): A correspondence exists between A ABC and A DEF. Trace A ABC onto patty paper, and line
up corresponding vertices.

Based on your observations, why isn’t AAA categorized as congruence criteria? Is there any situation in which AAA does
guarantee congruence?

Even though the angle measures may be the same, the sides can be proportionally larger; you can have similar triangles in
addition to a congruent triangle.

List all the triangle congruence criteria here:

SSS, SAS, ASA, AAS, HL

List the criteria that do not determine congruence here:

SSA, AAA
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Examples (8 minutes)
Examples
1. Given: BC LCD, AB L AD, mz1 = mz2 C
Prove: A BCD =A BAD
ms1 =mzs2 Given 1
I — B D2
AB 1 AD Given
BC L CD Given )
BD = BD Reflexive property
ms1+ mzCDB = 180° Linear pairs form supplementary angles
ms2 + mzZADB = 180° Linear pairs form supplementary angles
m«CDB = mzZADB If two angles are equal in measure, then their supplements are equal in measure
msBCD = m4BAD = 90° Definition of perpendicular line segments
A BCD = A BAD AAS
2.  Given: AD 1L BD, BD 1 BC, AB =CD 4
Prove: A ABD =A CDB D
AD L BD Given
BD 1 BC Given
A ABD is a right triangle Definition of perpendicular line segments
A CDB is a right triangle Definition of perpendicular line segments B
AB =CD Given ¢
BD = BD Reflexive property
AABD = A CDB HL

Exit Ticket (5 minutes)
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Lesson 25: Congruence Criteria for Triangles—AAS and HL

Exit Ticket

1. Sketch an example of two triangles that meet the AAA criteria but are not congruent.

2. Sketch an example of two triangles that meet the SSA criteria that are not congruent.
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Exit Ticket Sample Solutions
1.  Sketch an example of two triangles that meet the AAA criteria but are not congruent.
Responses should look something like the example below.
‘\_\?
o
2.  Sketch an example of two triangles that meet the SSA criteria that are not congruent.
Responses should look something like the example below.
450
45
5 1107 5° 1109
Problem Set Sample Solutions
Use your knowledge of triangle congruence criteria to write proofs for each of the following problems.
1. Given: AB 1 BC, DE L EF, BC | EF, AF = DC
Prove: A ABC = A DEF A
£ E
AB 1 BC Given
DE 1L EF Given
B C
BC || EF Given
AF = DC Given
msB = mzE = 90° Definition of perpendicular lines D
msC = msF When two parallel lines are cut by a transversal, the alternate interior angles are equal
in measure
FC=FC Reflexive property
AF + FC=FC+CD Addition property of equality
AC = DF Segment addition
A ABC = A DEF AAS
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2. Inthe figure, PA L AR and PB L RB and R is equidistant from P4 and PB. Prove that PR bisects 2APB.
PA 1 AR Given
PB 1 BR Given p
RA =RB Given
mzA = msR = 90° Definition of perpendicular lines
A PAR, A PBR are right triangles Definition of right triangle
PR = PR Reflexive property p B
A PAR = A PBR HL
£APR = LRPB Corresponding angles of congruent triangles are congruent.
PR bisects /APB Definition of an angle bisector
3. Given: ¢A = /P, /B = /R, W is the midpoint of AP y
Prove: RW = BW
LA =P Given R
LB = /R Given 4 Y
W is the midpoint of AP Given Z B
AW = PW Definition of midpoint P
AAWB = A PWR AAS
RW = BW Corresponding sides of congruent triangles are congruent.
4, Given: BR = CU, rectangle RSTU
Prove: A ARU is isosceles 4
BR =CU Given
Rectangle RSTU Given
BC | RU Definition of a rectangle
msRBS = mzZARU When two para. lines are cut by a trans.,
the corr. angles are equal in measure R U
mzsUCT = mzAUR When two para. lines are cut by a trans.,
the corr. angles are equal in measure B 3 T C
mzRST = 90°, mzUTS = 90° Definition of a rectangle
msRSB + m4RST = 180 Linear pairs form supplementary angles.
mzUTC + m<UTS = 180 Linear pairs form supplementary angles.
mzsRSB = 90°, mz«UTC = 90° Subtraction property of equality
A BRS and A TUC are right triangles Definition of right triangle
RS =UT Definition of a rectangle
ABRS =ATUC HL
msRBS = mzUCT Corresponding angles of congruent triangles are equal in measure
msARU = mzAUR Substitution property of equality
A ARU is isosceles If two angles in a triangle are equal in measure, then it is isosceles.
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=4 Lesson 26: Triangle Congruency Proofs

Student Outcomes

= Students complete proofs requiring a synthesis of the skills learned in the last four lessons.

Classwork

Exercises 1-6 (40 minutes)

Exercises 1-6

1. Given: 4B LBC, BC L DC. 4
DB bisects LABC, AC bisects 2DCB.
EB = EC.
Prove: A BEA =A CED. B C
4B L BC,BC L DC Given

mzABC = 90°, m«zDCB = 90° Definition of perpendicular lines

mzABC = m«DCB Transitive property
DB bisects 2ABC, AC bisects .DCB Given

mzsABE = 45° m«DCE = 45° Definition of an angle bisector
EB = EC Given

msAEB = mzDEC Vertical angles are equal in measure

A BEA = A CED ASA

2. Given: BF 1 AC, CE L 4AB.
AE = AF. B
Prove: A ACE = ABF.

BF L AC, CE L AB
mzBFA = 90°, mzCEA = 90°

Given

Definition of perpendicular

AE = AF Given
msA = mzA Reflexive property
A ACE = A ABF ASA
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3. Given: XJ=YK, PX=PY, £ZX] = LZYK. I x
Prove: JY = KX. 7z
X] =YK, PX=PY, £ZX] = LZYK Given X
JP = KP Segment addition
msJZX = mzKZY Vertical angles are equal in measure.
AJZX =A KZY AAS P
2] = LK Corresponding angles of congruent triangles are congruent
4P = 2P Reflexive property
A PJY = A PKX AAS
JY = KX Corresponding sides of congruent triangles are congruent
JY = KX Definition of congruent segments
4. Given: JK=]JL, JK | XY.
Prove: XY = XL. J
X
JK =]L Given
mszK = mzL Base angles of an isosceles triangle are equal in
measure
JK || XY Given
K L

msK = mzXYL

Prove: AC = BD.

21 =22

BE = CE

23 =14
+AEB = +DEC

AABC = ADCB

When two parallel lines are cut by a transversal,
corresponding angles are equal in measure

mzXYL = mzL Transitive property
XY = XL If two angles of a triangle are congruent, then the sides opposite the angles are equal in
length
5. Given: z1 =22, £3 = /4. A D

Given .
When two angles of a triangle are

congruent, it is an isosceles triangle
Given

Vertical angles are congruent

ASA

Corresponding angles of congruent triangles are congruent
Reflexive property

AAS

Corresponding sides of congruent triangles are congruent
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6. Given: ms1 =mzs2, ms3 = mz4, AB = AC.
Prove: (a) A ABD = A ACD. B
(b) 45 = «6.
ms1 = ms2, ms3 = ms4 Given s
mz1+ ms3 = mzDAB, 2 A
ms2 + ms4 = mzDAC Angle addition postulate
m«DAB = m«DAC Substitution property of equality Y6
AD = AD Reflexive property C
AABD = A ACD SAS
<BDA = +£VDA Corresponding angles of congruent triangles are congruent
ADXA = ADYA ASA
25= 16 Corresponding angles of congruent triangles are congruent

Exit Ticket (5 minutes)
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Lesson 26: Triangle Congruency Proofs

Exit Ticket

Identify the two triangle congruence criteria that do NOT guarantee congruence. Explain why they do not guarantee
congruence and provide illustrations that support your reasoning.
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Exit Ticket Sample Solutions

Identify the two triangle congruence criteria that do NOT guarantee congruence. Explain why they do not guarantee
congruence and provide illustrations that support your reasoning.

Students should identify AAA and SSA as the two types of criteria that do not guarantee congruence. Appropriate
illustrations should be included with their justifications.

Problem Set Sample Solutions

Prove: (a) A RAX = A RAY.

(b) RA =RB = RC.
RX is the perpendicular bisector of AB
RY is the perpendicular bisector of AC
msRYA = 90°, mZRXA = 90°

AR = AR

A RAX, A RAY are right triangles

A RAX = A RAY

msRYC = 90°, mzZRXB = 90°

AX =XB,AY =YC

YR =YR XR =XR

A RAY = A RCY, A RAX = A RBX
A RBX = A RAX = A RAY = A RCY

RA=RB =RC

Use your knowledge of triangle congruence criteria to write a proof for the following:

In the figure RX and RY are the perpendicular bisectors of AB and AC, respectively.

GEOMETRY

Given

i Y,
Given &
Definition of perpendicular
bisector
Reflexive proper:

f property 4 b s

Definition of right triangle

HL

Definition of perpendicular bisector
Definition of perpendicular bisector
Reflexive property

SAS

Transitive property

Corresponding sides of congruent triangles are congruent
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Student Outcomes
= Students complete proofs requiring a synthesis of the skills learned in the last four lessons.
Classwork
Exercises 1-6 (40 minutes)
Exercises 1-6 B
1. Given: AB = AC,RB = RC.
Prove: SB = SC.
A 7 S
AB = AC, RB = RC Given
AR = AR Reflexive property
A ARC =A ARB sss c

msARC = mzZARB Corresponding angles of congruent triangles are equal

in measure
msARC + mzSRC = 180, m2ZARB + m4SRB = 180 Linear pairs form supplementary angles

msSRC = msZSRB Angles supplementary to either the same angle or to

congruent angles are equal in measure

£SAR and £SER are right angles

A ASR and A ESR are right triangles
A ASR = A ESR

Two angles that are supplementary and congruent each measure 90° and

are, therefore, right angles
Definition of right triangle

HL

SR = SR Reflexive property
A SRB =A SRC SAS
SB =SC Corresponding sides of congruent angles are equal in
length
2. Given: Square ABCS = Square EFGS,

— C G

RAB, REF.
Prove: A ASR = ESR. B F
Square ABCS = Square EFGS Given &
AS = ES Corresponding sides of congruent

squares are equal in length A E

SR = SR Reflexive property
£BAS and LFES are right angles Definition of square
£BAS and £SAR form a linear pair Definition of linear pair
£FES and £SER form a linear pair Definition of linear pair R
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3. Given: JK=]JL JX =]Y. 7
Prove: KX =1Y.
JX=JY Given
mzsJXY = msJYX Base angles of an isosceles
triangle are equal in measure
msJXK + mzJXY = 180,
_ near pai —x Yy -
mzJYL+ mzJYX = 180 Linear pairs form supplementary
angles.
msJXK + mzJXY = mzJYL + mzJYX Substitution property of equality
msJXK + mzJXY = mzJYL + mzJ XY Substitution property of equality
msJXK = mzJYL Angles supplementary to either the same angle or congruent angles
are equal in measure
JK =]L Given
msK = mzL Base angles of an isosceles triangle are equal in measure
AJXK =AJYL AAS
KX =LY Corresponding sides of congruent triangles are equal in length
4. Given: AD 1 DR,AB 1 BR,
AD = AB. 4
Prove: 2DCR = £BCR. D B
AD L DR, AB L BR Given
A ADR andA ABR are right triangles Definition of right triangle
AD = AB Given R
AR = AR Reflexive property
A ADR =A ABR HL C
£ARD = ARB Corresponding angles of congruent triangles are congruent
mzARD + mzZDRC = 180,
mzARB + mZBRC = 180 Linear pairs form supplementary angles.
msARD + mzZDRC = mzZARB + m4ZBRC Transitive property
msDRC = mZBRC Angles supplementary to either the same angle or congruent
angles are equal in measure
DR = BR Corresponding sides of congruent triangles are congruent
RC =RC Reflexive property
A DRC =A BRC SAS
<DRC = £BRC Corresponding angles of congruent triangles are congruent
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5. Given: AR = AS, BR = CS, A
RX L AB, SY 1L AC.
Prove: BX = CY.
Y
AR = AS Given
msARS = m£ASR Base angles of an B R N ¢
isosceles triangle are equal in measure
mzARS + mzZARB = 180,
mzASR + m£ASC = 180 Linear pairs form supplementary angles
mzARS + mzZARB = mzZASR + mzZASC Transitive property
msARB = m£ASC Subtraction
BR=CS Given
AARB = A ASC SAS
2ABR = £ACS Corresponding angles of congruent triangles are congruent
RX L AB,SY L AC Given
m4ZRXB = 90° = msSYC Definition of perpendicular line segments.
A BRX = ASYC AAS
BX =CY Corresponding sides of congruent triangles are equal in length
6. Given: AX = BX, mzAMB = mzAYZ = 90°. A
Prove: NY = NM.
AX = BX Given
msAMB = m£AYZ = 90° Given
msBXM = mzAXY Vertical angles are equal in Y Z
measure X
A BXM =a AXY AAS B v —C
BX + XY = BY, AX + XM = AM Segments add
XM = XY Corresponding sides of congruent triangles are equal in length
BY = AM Substitution property of equality
m«BYN = 90° Vertical angles are equal in measure
mzAMB + mzZAMN = 180° Linear pairs form supplementary angles
mzAMN = 90° Subtraction property of equality
msZMNY = mzZMNY Reflexive property
A BYN =A AMN AAS
NY =NM Corresponding sides of congruent triangles are equal in length

Exit Ticket (5 minutes)
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Lesson 27: Triangle Congruency Proofs
Exit Ticket
Given: M is the midpoint of GR, ZG =/R.
Prove: A GHM = A RPM.

G
M
R
P
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Exit Ticket Sample Solutions
Given: M is the midpoint of GR, ZG = ZR.
Prove: A GHM =A RPM.
M is the midpoint of GR Given G
4G = /R Given M
GM = RM Definition of midpoint R
/HMG = /ZPMR Vertical angles are congruent.
A GHM =A RPM ASA P
Problem Set Sample Solutions
Use your knowledge of triangle congruence criteria to write a proof for the following:
In the figure BE = CE, DC 1 AB, BE 1 AC, prove AE = RE. A
m<ERC = m4BRD Vertical angles are equal in measure D
DC L 4B, BE L AC Given R
msBDR = 90°, mzZREC = 90° Definition of perpendicular lines
msABE = mzZRCE Sum of the angle measures in a triangle B ¢
is 180°
m«BAE = mzZBRD Sum of the angle measures in a triangle is 180°
msBAE = mzERC Substitution property of equality
BE =CE Given
A BAE =A CRE AAS
AE = RE Corresponding sides of congruent triangles are congruent
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4( Mathematics Curriculum

GEOMETRY ¢ MODULE 1

Topic E:
Proving Properties of Geometric Figures

G-CO0.C.9, G-CO.C.10, G-CO.C.11

Focus Standard: G-CO.C.9 Prove! theorems about lines and angles. Theorems include: vertical angles are
congruent; when a transversal crosses parallel lines, alternate interior angles
are congruent and corresponding angles are congruent; points on a
perpendicular bisector of a line segment are exactly those equidistant from the
segment’s endpoints.

G-CO.C.10  Prove theorems about triangles. Theorems include: measures of interior angles
of a triangle sum to 180°; base angles of isosceles triangles are congruent; the
segment joining midpoints of two sides of a triangle is parallel to the third side
and half the length,; the medians of a triangle meet at a point.

G-C0.C.11 Prove theorems about parallelograms. Theorems include: opposite sides are
congruent, opposite angles are congruent, the diagonals of a parallelogram
bisect each other, and conversely, rectangles are parallelograms with
congruent diagonals.

Instructional Days: 3
Lesson 28: Properties of Parallelograms (P)?

Lessons 29-30: Special Lines in Triangles (P, P)

In Topic E, students extend their work on rigid motions and proof to establish properties of triangles and
parallelograms. In Lesson 28, students apply their recent experience with triangle congruence to prove
problems involving parallelograms. In Lessons 29 and 30, students examine special lines in triangles, namely
midsegments and medians. Students prove why a midsegment is parallel to and half the length of the side of
the opposite triangle. In Lesson 30, students prove why the medians are concurrent.

1 Prove and apply (in preparation for Regents Exams).
2 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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=4 Lesson 28: Properties of Parallelograms

Student Outcomes
= Students complete proofs that incorporate properties of parallelograms.

Lesson Notes

Throughout this module, we have seen the theme of building new facts with the use of established ones. We see this
again in Lesson 28, where triangle congruence criteria are used to demonstrate why certain properties of parallelograms
hold true. We begin establishing new facts using only the definition of a parallelogram and the properties we have
assumed when proving statements. Students combine the basic definition of a parallelogram with triangle congruence
criteria to yield properties taken for granted in earlier grades, such as opposite sides of a parallelogram are parallel.

Classwork

Opening Exercise (5 minutes)

Opening Exercise
1.  If the triangles are congruent, state the congruence.

A AGT = A MY] y

2. Which triangle congruence criterion guarantees part 1?

AAS

3. TG corresponds with:

¥

Discussion/Examples 1-7 (35 minutes)

Discussion

How can we use our knowledge of triangle congruence criteria to establish other geometry facts? For instance, what can
we now prove about the properties of parallelograms?

To date, we have defined a parallelogram to be a quadrilateral in which both pairs of opposite sides are parallel.
However, we have assumed other details about parallelograms to be true too. We assume that:

. Opposite sides are congruent.
. Opposite angles are congruent.

- Diagonals bisect each other.

Let us examine why each of these properties is true.
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Example 1

If a quadrilateral is a parallelogram, then its opposite sides and angles are equal in measure. Complete the diagram and
develop an appropriate Given and Prove for this case. Use triangle congruence criteria to demonstrate why opposite
sides and angles of a parallelogram are congruent.

Given: Parallelogram ABCD (AB || CD, AD || CB).
Prove: AD = CB, AB = CD, mzZA = m«C, m4B = m«D.
. . o 4 B
Construction: Label the quadrilateral ABCD, and mark opposite sides as
parallel. Draw diagonal BD.

Proof:

Parallelogram ABCD Given D (ol

msABD = m«CDB If parallel lines are cut by a transversal, then alternate interior angles
are equal in measure

BD = DB Reflexive property

m«CBD = mzADB If parallel lines are cut by a transversal, then alternate interior angles
are equal in measure

A ABD = A CDB ASA

AD =CB, AB=CD Corresponding sides of congruent triangles are equal in length

mzA = msC Corresponding angles of congruent triangles are equal in measure

mzABD + mzCBD = m£ABC,
msCDB + mZADB = mz£ADC Angle addition postulate
msABD + mzZCBD = m«ZCDB + mzZADB Addition property of equality

msB = m«D Substitution property of equality

Example 2

If a quadrilateral is a parallelogram, then the diagonals bisect each other. Complete the diagram and develop an
appropriate Given and Prove for this case. Use triangle congruence criteria to demonstrate why diagonals of a
parallelogram bisect each other. Remember, now that we have proved opposite sides and angles of a parallelogram to be
congruent, we are free to use these facts as needed (i.e., AD = CB, AB = CD, £tA= +C, B = D).

Given: Parallelogram ABCD.
Prove: Diagonals bisect each other, AE = CE, DE = BE.
A > B

Construction: Label the quadrilateral ABCD. Mark opposite sides as
parallel. Draw diagonals AC and BD.

E
Proof:
Parallelogram ABCD Given D > C
msBAC = m«DCA If parallel lines are cut by a transversal, then alternate interior angles are equal in measure
msAEB = mzCED Vertical angles are equal in measure
AB = CD Opposite sides of a parallelogram are equal in length
A AEB = A CED AAS
AE = CE, DE = BE Corresponding sides of congruent triangles are equal in length
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Now we have established why the properties of parallelograms that we have assumed to be true are in fact true. By
extension, these facts hold for any type of parallelogram, including rectangles, squares, and rhombuses. Let us look at
one last fact concerning rectangles. We established that the diagonals of general parallelograms bisect each other. Let us
now demonstrate that a rectangle has congruent diagonals.

Students may need a reminder that a rectangle is a parallelogram with four right angles.

Example 3

If the parallelogram is a rectangle, then the diagonals are equal in length. Complete the diagram and develop an
appropriate Given and Prove for this case. Use triangle congruence criteria to demonstrate why diagonals of a rectangle
are congruent. As in the last proof, remember to use any already proven facts as needed.

Given: Rectangle GHI]J.
Prove: Diagonals are equal in length, GI = H].
Construction: Label the rectangle GHIJ. Mark opposite sides as parallel, and G H

add small squares at the vertices to indicate 90° angles. Draw
diagonal GI and HJ.

Proof: J I
Rectangle GHIJ Given

G] = IH Opposite sides of a parallelogram are equal in length

GH = GH Reflexive property

£JGH, £IHG are right angles Definition of a rectangle

AGHJ] =AIHG SAS

GI = HJ Corresponding sides of congruent triangles are equal in length

Converse Properties: Now we examine the converse of each of the properties we proved. Begin with the property and
prove that the quadrilateral is in fact a parallelogram.

Example 4

If the opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram. Draw an appropriate
diagram, and provide the relevant Given and Prove for this case.

Given: Quadrilateral ABCD with mzA = m4C, m4B = m«D.

Prove: Quadrilateral ABCD is a parallelogram.
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Construction: Label the quadrilateral ABCD. Mark opposite angles as congruent.
Draw diagonal BD. Label 24 and 2C as x°. Label the four angles
created by BD as 1°, s°, t°, and u°.

Proof:

Quadrilateral ABCD with mzA = m4C, m4ZB = m«D Given
mszD=r+s, mzB=t+u Angle addition

r+s=t+u Substitution

x+r+t=180,x+s+u =180
r+t=s+u
r+t—(r+s)=s+u—(t+u)
t—s=s—-1

t—-s+(s—t)=s—-t+(s—1t)

Angles in a triangle add up to 180°
Subtraction property of equality, substitution
Subtraction property of equality

Additive inverse property

Addition property of equality

0=2(s—1t) Addition and subtraction properties of equality
0=s—-1t Division property of equality
s=t Addition property of equality

s=t>r=u Substitution and subtraction properties of equality

AB || CD, AD || BC If two lines are cut by a transversal such that a pair of
alternate interior angles are equal in measure, then the lines

are parallel
Quadrilateral ABCD is a parallelogram Definition of a parallelogram
Example 5

If the opposite sides of a quadrilateral are equal, then the quadrilateral is a parallelogram. Draw an appropriate
diagram, and provide the relevant Given and Prove for this case.

Given: Quadrilateral ABCD with AB = CD, AD = BC.
Prove: Quadrilateral ABCD is a parallelogram.
Construction: Label the quadrilateral ABCD, and mark opposite sides as A z7 B

equal. Draw diagonal BD.
Proof:
Quadrilateral ABCD with AB = CD, AD = CB
BD = DB
A ABD = A CDB
¢ABD = +CDB,2ADB = 2CBD

AB || CD,AD | CB

Quadrilateral ABCD is a parallelogram

Given

Reflexive property
SSS

Corresponding angles of congruent triangles are congruent

If two lines are cut by a transversal and the alternate interior angles

are congruent, then the lines are parallel

Definition of a parallelogram
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Example 6

If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram. Draw an appropriate
diagram, and provide the relevant Given and Prove for this case. Use triangle congruence criteria to demonstrate why the
quadrilateral is a parallelogram.

Given: Quadrilateral ABCD, diagonals AC and BD bisect each other.
Prove: Quadrilateral ABCD is a parallelogram.
A B

Construction: Label the quadrilateral ABCD, and mark opposite sides as equal.
Draw diagonals AC and BD.

Proof: E

Quadrilateral ABCD, diagonals AC and BD bisect each other Given D C

AE = CE, DE = BE Definition of a segment bisector

m«DEC = mzZBEA, mzZAED = m«CEB Vertical angles are equal in measure

ADEC = A BEA, ANAED = A CEB SAS

¢ABD = +CDB, LADB = .CBD Corresponding angles of congruent triangles are congruent

AB || CD,AD | CB If two lines are cut by a transversal such that a pair of alternate interior

angles are congruent, then the lines are parallel

Quadrilateral ABCD is a parallelogram Definition of a parallelogram

Example 7

If the diagonals of a parallelogram are equal in length, then the parallelogram is a rectangle. Complete the diagram, and
develop an appropriate Given and Prove for this case.

Given: Parallelogram GHIJ with diagonals of equal length, GI = H].

Prove: GHI]J is a rectangle.

Construction: Label the quadrilateral GHIJ. Draw diagonals GI and HJ. G H
Proof:

Parallelogram GHI]J with diagonals of equal length, GI = H] Given

G] =JG,HI =IH Reflexive property J Ji

GH =1J Opposite sides of a parallelogram are congruent

AHJG=AIGJ, AGHI = A JIH sss

ms6G = msJ, mzH = mzI Corresponding angles of congruent triangles are equal in
measure

msG + mzJ = 180°, mzH + mzI = 180° If parallel lines are cut by a transversal, then interior

angles on the same side are supplementary

2(msG) = 180° 2(mzH) = 180° Substitution property of equality
msG = 90°, mzH = 90° Division property of equality
ms6G = msJ = mzH = mzI = 90° Substitution property of equality
GHI]J is a rectangle. Definition of a rectangle

Exit Ticket (5 minutes)
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Lesson 28: Properties of Parallelograms
Exit Ticket
Given: Equilateral parallelogram ABCD (i.e., a rhombus) with diagonals AC and BD. A B
Prove: Diagonals intersect perpendicularly.
D C
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Exit Ticket Sample Solutions
Given: Equilateral parallelogram ABCD (i.e., a rhombus) with diagonals AC and BD.
Prove: Diagonals intersect perpendicularly. A B
Rhombus ABCD Given
AE = CE, DE = BE Diagonals of a parallelogram
bisect each other
AB =BC+ CD = DA Definition of equilateral D C
parallelogram
AAED = A AEB = A CEB = A CED SsS
msAED = mzZAEB = mZBEC = m«ZCED Corr. angles of congruent triangles are equal in measure

msAED = m£AEB = m£BEC = m«CED = 90° Angles at a point sum to 360°. Since all four angles are congruent,
each angle measures 90°.

Problem Set Sample Solutions

Use the facts you have established to complete exercises involving different types of parallelograms.
1. Given: 4B || CD, AD = AB, CD = CB. A B
Prove: ABCD is a rhombus.
Construction: Draw diagonal AC.
AD = AB,CD = CB Given D C
AC=CA Reflexive property
AADC = A CBA 5SS
AD = CB, AB = CD Corresponding sides of congruent triangles are equal in length
AB =BC =CD = AD Transitive property
ABCD is a rhombus Definition of a rhombus
2. Given: Rectangle RSTU, M is the midpoint of RS. R M s
Prove: A UMT isisosceles.
Rectangle RSTU Given
RU = ST Opposite sides of a rectangle are
congruent Ul T
2R, S are right angles Definition of a rectangle
M is the midpoint of RS Given
RM = SM Definition of a midpoint
A RMU = A SMT SAS
UM =TM Corresponding sides of congruent triangles are congruent
A UMT is isosceles Definition of an isosceles triangle
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3. Given: ABCD is a parallelogram, RD bisects ZADC, SB bisects ZCBA. A R B

Prove: DRBS is a parallelogram.
ABCD is a parallelogram; Given
RD bisects £ADC, SB bisects .CBA /.

D S L
AD = CB Opposite sides of a

parallelogram are congruent

LA =¢C, LB =2¢D Opposite angles of a parallelogram are congruent
2RDA = £RDS, £SBC = £SBR Definition of angle bisector

2RDA + 2RDS = 2D, /SBC = £SBR = 4B Angle addition
2RDA + £RDA = 2D, /SBC = £SBC = £B  Substitution

2(£RDA) = ¢D, 2(£SBC) = 4B Addition

ZRDA=1.D, .SBC=1 /B Division

2RDA = £SBC Substitution

A DAR = A BCS ASA

2<DRA = £BSC Corresponding angles of congruent triangles are congruent
.DRB = £BSD Supplements of congruent angles are congruent

DRBS is a parallelogram Opposite angles of quadrilateral DRBS are congruent

4. Given: DEFGis arectangle, WE =YG, WX =YZ.

Prove: WXYZ is a parallelogram.

DE = FG, DG = FE Opposite sides of a i -
rectangle are congruent A

DEFG is a rectangle; Given X

WE=YGWX=YZ G i F

DE = DW + WE; FG=YG + FY Segment addition

DW + WE =YG + FY Substitution

DW+YG=YG+FY Substitution

DW =FY Subtraction

msD = msZE = m4F = m4G = 90° Definition of a rectangle

A ZGY, A XEW are right triangles Definition of right triangle

AZGY = AXEW HL

Z2G = XE Corresponding sides of congruent triangles are congruent

DG =Z2G+ DZ; FE = XE + FX Partition property or segment addition

DZ = FX Subtraction property of equality

ADZW = A FXY SAS

ZW = XY Corresponding sides of congruent triangles are congruent

WXYZ is a parallelogram Both pairs of opposite sides are congruent
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5. Given: Parallelogram ABFE, CR = DS.
Prove: BR = SE. 4 gL
R
msBCR = mzZEDS If parallel lines cut by a transversal, then
alternate interior angles are equal in
measure S
£ABF = £FEA Opposite angles of a parallelogram are D E F
congruent
£CBR = +DES Supplements of congruent angles are congruent
CR =DS Given
A CBR = A DES AAS
BR = SE Corresponding sides of congruent triangles are equal in length
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= Lesson 29: Special Lines in Triangles

Student Outcomes
= Students examine the relationships created by special lines in triangles, namely mid-segments.

Classwork

Opening Exercise (7 minutes)

Opening Exercise

Construct the midsegment of the triangle below. A midsegment is a line segment that joins the midpoints of two sides of
a triangle or trapezoid. For the moment, we will work with a triangle.

1. Use your compass and straightedge to determine the midpoints of AB and AC as X and Y, respectively.

2. Draw midsegment XY.

C

R
D

Compare £AXY and £ABC; compare £AY X and ZACB. Without using a protractor, what would you guess is the
relationship between these two pairs of angles? What are the implications of this relationship?

mzAXY = mzABC, m2AYX = m2ACB; XY || BC

Discussion (15 minutes)

Discussion

Note that though we chose to determine the midsegment of AB and AC, we could have chosen any two sides to work
with. Let us now focus on the properties associated with a midsegment.

The midsegment of a triangle is parallel to the third side of the triangle and half the length of the third side of the
triangle.

We can prove these properties to be true. You will continue to work with the figure from the Opening Exercise.
Given: XY is a midsegment of A ABC

R 1
Prove: XY || BC and XY = EBC

Lesson 29: Special Lines in Triangles n
CQMMON | v e engage™

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; KCC BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 29 m 0

GEOMETRY

Construct the following: In the Opening Exercise figure, draw triangle A YGC according to the following steps. Extend XY
to point G so that YG = XY. Draw GC.

(1) What s the relationship between XY and YG? Explain why.

Equal, by construction

(2) What s the relationship between m£AY X and m£GYC? Explain why.

Equal, vertical angles are equal in measure

(3) What is the relationship between AYand YC? Explain why.

Equal, Y is the midpoint of AC

(4) What s the relationship between A AXY and A CGY? Explain why.

Congruent, SAS

(5) Whatis the relationship between GC and AX? Explain why.

Equal, corresponding sides of congruent triangles are equal in length

(6) Since AX = BX, what other conclusion can be drawn? Explain why.

GC = BX, substitution

(7) What is the relationship between m£AXY and mzCGY? Explain why.

Equal, corresponding angles of congruent triangles are equal in measure

(8) Based on (7), what other conclusion can be drawn about AB and GC? Explain why.
AB | GC
(9) What conclusion can be drawn about BXGC based on (7) and (8)? Explain why.

BXGC is a parallelogram, one pair of opposite sides is equal and parallel. Also XY || BC.

(10) Based on (9), what is the relationship between XG and BC?

XG = BC, opposite sides of parallelogram equal

(11) SinceYG = XY, XG = 2 XY. Explain why.
Substitution
(12) This means BC = 2 XY. Explain why.
Substitution
1
(13) Or by division, XY = > B.

Note that steps (9) and (13) demonstrate our Prove statement.
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Exercises 1-4 (13 minutes)

Exercises 1-4

Apply what you know about the properties of mid-segments to solve the following exercises.

1. x= 15 2. x= 50°
Perimeter of A ABC = 6 y= 70°
4 D
9
* 10
B n C E F

3. In A RST, the midpoints of each side have been marked by points X, Y, and Z.

- Mark the halves of each side divided by the midpoint with a congruency mark. Remember to distinguish
congruency marks for each side.

= Draw midsegments XY, YZ, and XZ. Mark each midsegment with the appropriate congruency mark from the
sides of the triangle.

R

§ T
VA

a. What conclusion can you draw about the four triangles within A RST? Explain Why.

All four are congruent, SSS

b. State the appropriate correspondences among the four triangles within A RST.

ARXY, AYZT, A XSZ, AZYX

c. State a correspondence between A RST and any one of the four small triangles.

A RXY, A RST

4.  Find x. A
= 9°

40° 61°

Exit Ticket (5 minutes)
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Name Date

Lesson 29: Special Lines in Triangles

Exit Ticket

Use the properties of midsegments to solve for the unknown value in each question.

1. R and S are the midpoints of XW and WY, respectively.
What is the perimeter of A WXY?

2. What s the perimeter of A EFG? E

Lesson 29: Special Lines in Triangles n
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Exit Ticket Sample Solutions

Use the properties of midsegments to solve for the unknown value in each question.

1. R and S are the midpoints of XW and WY, respectively.

w
What is the perimeter of A WXY? 82 d
R S
16
X Y
2.  What s the perimeter of A EFG? 62 E
F - . G

1
T L)

(==}

Problem Set Sample Solutions

Use your knowledge of triangle congruence criteria to write proofs for each of the following problems.

1. WX isamidsegment of A ABC, and YZ is a midsegment of A CWX.

B
BX = AW.
a. What can you conclude about 24 and 2B? Explain why.
X
¢A=+B. BX = AW so CX = CW, triangle is isosceles.
Z
b.  What s the relationship in length between YZ and AB? A —¥ C

YZ = %AB or 4YZ = AB

2. W, X,Y,and Z are the midpoints of AD, AB, BC, and CD respectively. AD = 18, WZ = 11, and BX = 5.
msWAC = 33°, mzRYX = 74°.

a. msDZW = 74°
18

b. Perimeter of ABYW = 38 W, 7
c. Perimeter of ABCD = 56
d. miWAX=__ 107° 43 = c

msB = 73°

74°
msYCZ = 107° Y
msD = 73° 3
B

e. What kind of quadrilateral is ABCD?

Parallelogram
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= Lesson 30: Special Lines in Triangles

Student Outcomes
=  Students examine the relationships created by special lines in triangles, namely medians.

Lesson Notes

In Lesson 30, we work with a specific set of lines in triangles, the medians. This is an extension of the work we did in
Lesson 29, where we proved that a segment joining the midpoints of two sides of a triangle is parallel to and half the
length of the third side, among other proofs.

Classwork

Opening Exercise (5 minutes)

Opening Exercise

In A ABC at the right, D is the midpoint of 4B; E is the midpoint of BC, and F
is the midpoint of AC. Complete each statement below.

o E

J— — 1
DE is parallel to AC and measures > the length of

AC .
J— J— 1
DF is parallel to BC and measures > the length of A c
__BC . F
J— — 1 J—
EF is parallel to AB and measures > the length of AB .

Discussion (10 minutes)

Discussion

In the previous two lessons, we proved that (a) the midsegment of a triangle is parallel to the third side and half the
length of the third side and (b) diagonals of a parallelogram bisect each other. We use both of these facts to prove the
following assertion:

All medians of a triangle are __concurrent . That is, the three medians of a triangle (the segments connecting each
vertex to the midpoint of the opposite side) meet at a single point. This point of concurrency is called the

centroid _, or the center of gravity, of the triangle. The proof will also show a length relationship for each median:
The length from the vertex to the centroid is __ twice  the length from the centroid to the midpoint of the side.

Lesson 30: Special Lines in Triangles n
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Example 1 (10 minutes)

Example 1

Provide a valid reason for each step in the proof below. B

Given: A ABC with D, E, and F the midpoints of sides AB, BC, and AC, respectively.

Prove: The three medians of A ABC meet at a single point.

(1) Draw AE and DC; label their intersection as point G.

(2) Construct and label the midpoint of AG as point H and the midpoint of GC
as point J.

(3) DE |l AC,

DE is a mid-segment of A ABC

(4) HJ I AC,

HJ is a mid-segment of A AGC

(5) DE I HJ,

If two segments are parallel to the same segment, then they are parallel to each other

(6) DE =3 ACand HJ = 1 AC,

Definition of a mid-segment

(7) DEJH is a parallelogram,

One pair of sides of a quadrilateral are parallel and equal in length

(8) HG =EGandJG = DG,

Diagonals of a parallelogram bisect each other

(9) AH = HG and CJ = JG,

Definition of a midpoint

(10) AH = HG = GE and CJ = JG = GD,

Substitution property of equality

(11) AG = 2GE and CG = 26D,

Partition property or segment addition

(12) We can complete steps (1)-(11) to include the median from B; the third median, BF, passes through point G, which
divides it into two segments such that the longer part is twice the shorter.

Lesson 30: Special Lines in Triangles n
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(13) The intersection point of the medians divides each median into two parts with lengths in a ratio of 2: 1; therefore,
all medians are concurrent at that point.

The three medians of a triangle are concurrent at the centroid _, or the center of gravity. This point of concurrency
divides the length of each medianinaratioof _ 2:1 ; the length from the vertex to the centroid is __twice the
length from the centroid to the midpoint of the side.

Example 2 (5 minutes)

Example 2
In the figure to the right, DF = 4, BF = 16, AG = 30. Find each of the following measures.
a. FC= 8
b. DC= 12
c. AF= 20
d. BE= 24
e. FG= 10
f. EF= 8

Example 3 (10 minutes)

Example 3

Iiche figure to the right, A ABC is reflected over AB to create A ABD. Points P, E, and F are midpoints of 4B, BD, and
BC, respectively. If AH = AG, prove that PH = GP.

A ABC is reflected over AB to create A ABD A

AF = AE Segments preserved, rigid motion

¢FAB = £EAB Angles preserved, rigid motion

AH = AG Given °
AP = AP Reflexive property c E

AAPH = A APG SAS B

PH = GP Corresponding sides of congruent triangles are equal in measure

Exit Ticket (5 minutes)

Lesson 30: Special Lines in Triangles n
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Name Date

Lesson 30: Special Lines in Triangles

Exit Ticket

D—Q, FP, and RE are all medians of A DEF, and C is the centroid. DQ = 24, FC = 10,RC = 7. Find DC, CQ, FP, and
CE.

P FE

Lesson 30: Special Lines in Triangles n
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Exit Ticket Sample Solutions

DQ, FP, and RE are all medians of A DEF, and C is the centroid. DQ = 24, FC = 10, RC = 7. Find DC, CQ, FP, and

CE.
P F
DC =16,CQ = 8, FP = 15, and CE = 14 D

Problem Set Sample Solutions

Ty is building a model of a hang glider using the template below. To place his supports accurately, Ty needs to
locate the center of gravity on his model.

1. Use your compass and straightedge to locate the center of gravity on Ty’s model.

2.  Explain what the center of gravity represents on Ty’s model.

The center of gravity is the centroid.

3. Describe the relationship between the longer and shorter sections of the line segments you drew as you located the
center of gravity.

The centroid divides the length of each median in a ratio of 2: 1.

Lesson 30: Special Lines in Triangles n
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GEOMETRY ¢ MODULE 1

Topic F:
Advanced Constructions

G-CO.D.13

Focus Standard: G-C0O.D.13  Construct an equilateral triangle, a square, and a regular hexagon inscribed in a
circle.

Instructional Days: 2

Lesson 31: Construct a Square and a Nine-Point Circle (E)?

Lesson 32: Construct a Nine-Point Circle (E)

In Topic F, Lessons 31 and 32, students are presented with the challenging but interesting construction of a
nine-point circle.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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m Lesson 31: Construct a Square and a Nine-Point Circle

Student Outcomes

=  Students learn to construct a square and begin to construct a nine-point circle.

Lesson Notes

In Lesson 31, students will use constructions they already know to construct a square and begin the construction of a
nine-point circle. Students will articulate the steps needed to do the construction for each. Lessons 31 and 32 are
lessons for classes that have been completely successful with all other material. They are also a great opportunity to
incorporate technology.

Classwork
Opening Exercise (15 minutes)

Allow students 10 minutes for their attempt, and then share-out steps, or have a student share-out steps. Write their
steps on the board so that others actually attempt the instructions as a check.

Opening Exercise

With a partner, use your construction tools and what you learned in Lessons 1-5 to attempt the construction of a square.
Once you are satisfied with your construction, write the instructions to perform the construction.

Steps to construct a square:

Extend line segment AB on either side of A and B.
Construct the perpendicular to AB through A; construct the perpendicular to AB through B.

Construct circle A: center A, radius AB; construct circle B: center B, radius BA.

AW N R

Select one of the points where circle A meets the perpendicular through A and call that point D. In the same half
plane as D, select the point where B meets the perpendicular through B and call that point C.

5.  Draw segment CD.

Exploratory Challenge (15 minutes)

Exploratory Challenge
Now, we are going to construct a nine-point circle. What is meant by the phrase “nine-point circle”?

A circle that contains a set of nine points.

Lesson 31: Construct a Square and a Nine-Point Circle n
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Steps to construct a nine-point circle:

1. Draw atriangle ABC.
B

2.
B

3.
4,
the altitude from B to CA as F.
5.

The altitudes are concurrent at a point; label it H.
4
1

Construct the midpoints of the sides AB, BC, and CA4, and label them as L, M, and N, respectively.

Construct the perpendicular from each vertex to the opposite side of the triangle (each is called an altitude).

Label the intersection of the altitude from C to AB as D, the intersection of the altitude from 4 to BC as E, and of

Construct a Square and a Nine-Point Circle

6/15/14
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6. Construct the midpoints of AH, BH, CH and label them X, Y, and Z, respectively.

7. The nine points, L, M, N, D, E, F, X, Y, Z, are the points that define the nine-point circle.

Example (8 minutes)

Example

On a blank white sheet of paper, construct a nine-point circle using a different triangle than you used during the notes.
Does the type of triangle you start with affect the construction of the nine-point circle?

It does not matter what size or type of triangle you start with; you can always construct the nine-point circle.

Exit Ticket (7 minutes)

COMMON Lesson 31: Construct a Square and a Nine-Point Circle ny
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Lesson 31: Construct a Square and a Nine-Point Circle

Exit Ticket

Construct a square ABCD and a square AXYZ so that AB contains X and AD contains Z.
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Exit Ticket Sample Solutions

Construct a square ABCD and a square AXYZ so that AB contains X and AD contains Z.
Sample construction might look like the following:
A X B
zZ Y
D C

Problem Set Sample Solutions

Construct square ABCD and square GHI]J so that

a. Each side of GHI]J is half the length of each ABCD.
b.  AB contains GH.
c.  The midpoint of 4B is also the midpoint of GH.

Sample construction might look like the following:

J /

Lesson 31: Construct a Square and a Nine-Point Circle n
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IQI Lesson 32: Construct a Nine-Point Circle

Student Outcomes

= Students complete the construction of a nine-point circle.

Lesson Notes

In Lesson 32, students will continue the construction of a nine-point circle. Students will articulate the steps needed to
do the construction for each.

Note that the Problem Set exercise is challenging and time-consuming. While a good opportunity to build students’
ability to persevere, it may be modified to lessen the burden of so many constructions.

Classwork

Opening Exercise (5 minutes)

Opening Exercise

During this unit we have learned many constructions. Now that you have mastered these constructions, write a list of
advice for someone who is about to learn the constructions you have learned for the first time. What did and did not
help you? What tips did you wish you had at the beginning that would have made it easier along the way?

Exploratory Challenge 1 (15 minutes)

Exploratory Challenge 1

Yesterday, we began the nine-point circle construction. What did we learn about the triangle that we start our
construction with? Where did we stop in the construction?

We will continue our construction today.

There are two constructions for finding the center of the nine-point circle. With a partner, work through both
constructions.

Construction 1

1. To find the center of the circle, draw inscribed A LMN.
2.  Find the circumcenter of A LMN, and label it as U.

Recall that the circumcenter of a triangle is the center of the circle
that circumscribes the triangle, which in this case, is the nine-point
circle.

Lesson 32: Construct a Nine-Point Circle n
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Construction 2

1.  Construct the circle that circumscribes A ABC.

2.  Find the circumcenter of A ABC, which is the center of the
circle that circumscribes A ABC. Label its center CC.

3. Draw the segment that joins point H (the orthocenter from
the construction of the nine-point circle in Lesson 31) to the
point CC.

4.  Find the midpoint of the segment you drew in Step 3, and
label that point U.

Describe the relationship between the midpoint you
found in Step 4 of the second construction and the
point U in the first construction.

The Center U is the midpoint of the segment from the
orthocenter H to CC.

Exploratory Challenge 2 (15 minutes)

Exploratory Challenge 2 D

Construct a square ABCD. Pick a point E between B and C,
and draw a segment from point A to a point E. The segment
forms a right triangle and a trapezoid out of the square.
Construct a nine-point circle using the right triangle.

Exit Ticket (10 minutes)

Lesson 32: Construct a Nine-Point Circle n
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Lesson 32: Construct a Nine-Point Circle

Exit Ticket

Construct a nine-point circle, and then inscribe a square in the circle (so that the vertices of the square are on the circle).

Lesson 32: Construct a Nine-Point Circle n
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Exit Ticket Sample Solutions

Construct a nine-point circle, and then inscribe a square in the circle (so that the vertices of the square are on the circle).

Problem Set Sample Solutions

Take a blank sheet of 8% inch by 11 inch white paper, and draw a triangle with vertices on the edge of the paper.

Construct a nine-point circle within this triangle. Then draw a triangle with vertices on that nine-point circle, and

construct a nine-point circle within that. Continue constructing nine-point circles until you no longer have room inside
your constructions.

Lesson 32: Construct a Nine-Point Circle n
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GEOMETRY ¢ MODULE 1

Topic G:
Axiomatic Systems

G-CO.A.1, G-CO.A.2, G-CO.A.3, G-CO.A.4, G-CO.A.5, G-CO.B.6, G-CO.B.7, G-CO.B.8,

G-C0.C.9, G-C0.C.10, G-CO.C.11, G-CO.D.12, G-CO.D.13

Focus Standard: G-CO.A.1 Know precise definitions of angle, circle, perpendicular line, parallel line, and
line segment, based on the undefined notions of point, line, distance along a
line, and distance around a circular arc.

G-CO.A.2 Represent transformations in the plane using, e.g., transparencies and
geometry software; describe transformations as functions that take points in
the plane as inputs and give other points as outputs. Compare transformations
that preserve distance and angle to those that do not (e.g., translation versus
horizontal stretch).

G-CO.A.3 Given a rectangle, parallelogram, trapezoid, or regular polygon, describe the
rotations and reflections that carry it onto itself.

G-CO.A4 Develop definitions of rotations, reflections, and translations in terms of
angles, circles, perpendicular lines, parallel lines, and line segments.

G-CO.A5 Given a geometric figure and a rotation, reflection, or translation, draw the
transformed figure using, e.g., graph paper, tracing paper, or geometry
software. Specify a sequence of transformations that will carry a given figure
onto another.

G-CO.B.6 Use geometric descriptions of rigid motions to transform figures and to predict
the effect of a given rigid motion on a given figure; given two figures, use the
definition of congruence in terms of rigid motions to decide if they are
congruent.

G-CO.B.7 Use the definition of congruence in terms of rigid motions to show that two
triangles are congruent if and only if corresponding pairs of sides and
corresponding pairs of angles are congruent.

G-C0.B.8 Explain how the criteria for triangle congruence (ASA, SAS, and SSS) follow
from the definition of congruence in terms of rigid motions.
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G-CO.C.9 Prove theorems about lines and angles. Theorems include: vertical angles are
congruent; when a transversal crosses parallel lines, alternate interior angles
are congruent and corresponding angles are congruent; points on a
perpendicular bisector of a line segment are exactly those equidistant from the
segment’s endpoints.

G-CO.C.10  Prove theorems about triangles. Theorems include: measures of interior angles
of a triangle sum to 180°; base angles of isosceles triangles are congruent; the
segment joining midpoints of two sides of a triangle is parallel to the third side
and half the length; the medians of a triangle meet at a point.

G-C0.C.11 Prove theorems about parallelograms. Theorems include: opposite sides are
congruent, opposite angles are congruent, the diagonals of a parallelogram
bisect each other, and conversely, rectangles are parallelograms with
congruent diagonals.

G-CO.D.12  Make formal geometric constructions with a variety of tools and methods
(compass and straightedge, string, reflective devices, paper folding, dynamic
geometric software, etc.). Copying a segment; copying an angle; bisecting a
segment; bisecting an angle; constructing perpendicular lines, including the
perpendicular bisector of a line segment; and constructing a line parallel to a
given line through a point not on the line.

G-CO.D.13  Construct an equilateral triangle, a square, and a regular hexagon inscribed in a
circle.

Instructional Days: 2

Lessons 33—-34: Review of the Assumptions (P, P)?

In Topic G, students review material covered throughout the module. Additionally, students discuss the
structure of geometry as an axiomatic system.

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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= Lesson 33: Review of the Assumptions

Student Outcomes
=  Students examine the basic geometric assumptions from which all other facts can be derived.

=  Students review the principles addressed in Module 1.

Classwork

Review Exercises (40 minutes)

We have covered a great deal of material in Module 1. Our study has included definitions, geometric assumptions,
geometric facts, constructions, unknown angle problems and proofs, transformations, and proofs that establish
properties we previously took for granted.

In the first list below, we compile all of the geometric assumptions we took for granted as part of our reasoning and
proof-writing process. Though these assumptions were only highlights in lessons, these assumptions form the basis from
which all other facts can be derived (e.g., the other facts presented in the table). College-level geometry courses often do
an in-depth study of the assumptions.

The latter tables review the facts associated with problems covered in Module 1. Abbreviations for the facts are within
brackets.

Geometric Assumptions (Mathematicians call these “Axioms.”)
1. (Line) Given any two distinct points, there is exactly one line that contains them.

2.  (Plane Separation) Given a line contained in the plane, the points of the plane that do not lie on the line form two
sets, called half-planes, such that

a. Each of the sets is convex,
b. If P is a point in one of the sets and Q is a point in the other, then PQ intersects the line.

3. (Distance) To every pair of points A and B there corresponds a real number dist (4, B) > 0, called the distance
from A to B, so that

a. dist(4, B) = dist(B,A).
b. dist(4, B) = 0, and dist(4, B) = 0 < A and B coincide.
4.  (Ruler) Every line has a coordinate system.
5. (Plane) Every plane contains at least three non-collinear points.
6. (Basic Rigid Motions) Basic rigid motions (e.g., rotations, reflections, and translations) have the following properties:

a. Any basic rigid motion preserves lines, rays, and segments. That is, for any basic rigid motion of the plane,
the image of a line is a line, the image of a ray is a ray, and the image of a segment is a segment.

b. Any basic rigid motion preserves lengths of segments and angle measures of angles.

7. (180° Protractor) To every 2AOB, there corresponds a real number m2AO0OB, called the degree or measure of the
angle, with the following properties:

a. 0° < m£AOB < 180°

b. Let OB be a ray on the edge of the half-plane H. For every r such that 0° < r < 180°, there is exactly one
rayﬁ with 4 in H such that mzAO0B = r°.

c. If C is a point in the interior of ZAOB, then m2A0C + m42COB = m2£AOB.

d. If two angles 2BAC and £CAD form a linear pair, then they are supplementary, e.g., m2ZBAC + ms2CAD =
180°.

8. (Parallel Postulate) Through a given external point, there is at most one line parallel to a given line.
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Fact/Property Guiding Questions/Applications Notes/Solutions
Two angles that form a linear pair are msb = 47°
supplementary.
1330 b
The sum of the measures of all msg = 80°

adjacent angles formed by three or
more rays with the same vertex is
360°.

133°
g
147°

Vertical angles have equal measure.

Use the fact that linear pairs form
supplementary angles to prove that
vertical angles are equal in measure.

msw + msx = 180°
msy + msx = 180°
msw + msx = msy + msx

L miw = msy

The bisector of an angle is a ray in the
interior of the angle such that the
two adjacent angles formed by it
have equal measure.

In the diagram below, BC is the
bisector of ZABD, which measures
64°. What is the measure of ZABC?

32°

The perpendicular bisector of a
segment is the line that passes
through the midpoint of a line
segment and is perpendicular to the
line segment.

In the diagram below, DC is the L
bisector of AB, and CE is the angle
bisector of ZACD. Find the measures
of AC and LECD.

12cm

AC =12, m£ECD = 45°

COMMON
CORE

Lesson 33:
Date: 6/15/14

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

Review of the Assumptions

engage"’

_G:C BY-NC-SA This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.

254


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 33 m 0

GEOMETRY

The sum of the 3 angle measures of | Given the labeled figure below, find the m«DEB = 50°, m£ACE = 65°
any triangle is 180°. measures of ZDEB and £ACE. Explain

your solutions. ms DEB + mz AED = 180° and

angle sum of a triangle
A

D
130°
E
¢ B

When one angle of a triangle is a This fact follows directly from the Since a right angle is 90° and

right angle, the sum of the preceding one. How is simple arithmetic | angles of a triangle sum to 180°,

measures of the other two angles is | used to extend the angle sum of a by arithmetic the other two

90°. triangle property to justify this angles must add up to 90°.
property?

An exterior angle of a triangle is In the diagram below, how is the The sum of two interior opposite

equal to the sum of its two exterior angle of a triangle property angles and the third angle of a

opposite interior angles. proved? triangle is 180°, which is equal to

A the angle sum of the third angle

and the exterior angle. Thus, the
D exterior angle of a triangle is
1307 equal to the sum of the interior
e opposite angles.
¢ B

Base angles of an isosceles triangle The triangle in the figure above is The base angles are equal.

are congruent. isosceles. How do we know this?

All angles in an equilateral triangle If the figure above is changed slightly, it mzAEC is 60°; angles on a line.

have equal measure. can be used to demonstrate the mzC is also 60° by the angle sum
equilateral triangle property. Explain of a triangle property. Thus, each
how this can be demonstrated. interior angle is 60°.

A
]
120°
E
& B
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The facts and properties in the immediately preceding table relate to angles and triangles. In the table below, we will
review facts and properties related to parallel lines and transversals.

Fact/Property

Guiding Questions/Applications

Notes/Solutions

If a transversal intersects two parallel
lines, then the measures of the
corresponding angles are equal.

Why does the property specify
parallel lines?

If the lines are not parallel, then
the corresponding angles are not
congruent.

If a transversal intersects two lines
such that the measures of the
corresponding angles are equal, then
the lines are parallel.

The converse of a statement turns the
relevant property into an if and only if
relationship. Explain how this is
related to the guiding question about
corresponding angles.

The “if and only if” specifies the
only case in which corresponding
angles are congruent (when two
lines are parallel).

If a transversal intersects two parallel
lines, then the interior angles on the
same side of the transversal are
supplementary.

This property is proved using (in part)
the corresponding angles property.
Use the diagram below (4B || CD) to
prove that ZAGH and 2CHG are
supplementary.

mzAGH is 110° because they
form a linear pair and 2CHG is 70°
because of corresponding angles.
Thus, interior angles on the same
side are supplementary.

If a transversal intersects two lines
such that the same side interior
angles are supplementary, then the
lines are parallel.

Given the labeled diagram below,
prove that 4B || CD.

E

A 70\ G B

c H D

Y!

msAGH = 110° due to a linear
pair, and £GHC = 70° due to
vertical angles. Then, AB || CD
because the corresponding angles
are congruent.

If a transversal intersects two parallel
lines, then the measures of alternate
interior angles are equal.

1. Name both pairs of alternate
interior angles in the diagram
above.

2.  How many different angle
measures are in the diagram?

1. +GHC,LHGB
¢<AGH, /DHG
2. 2

If a transversal intersects two lines
such that measures of the alternate
interior angles are equal, then the
lines are parallel.

Although not specifically stated here,
the property also applies to alternate
exterior angles. Why is this true?

The alternate exterior angles are
vertical angles to the alternate
interior angles.

Exit Ticket (5 minutes)
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Exit Ticket

1. Which assumption(s) must be used to prove that vertical angles are congruent?

2. If two lines are cut by a transversal such that corresponding angles are NOT congruent, what must be true? Justify
your response.
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Exit Ticket Sample Solutions

1.  Which assumption(s) must be used to prove that vertical angles are congruent?

The “protractor postulate” must be used. If two angles, 2BAC and 2£CAD, form a linear pair, then they are
supplementary, e.g., m£BAC + m«CAD = 180.

2.  Iftwo lines are cut by a transversal such that corresponding angles are NOT congruent, what must be true? Justify
your response.

The lines are not parallel. Corresponding angles are congruent if and only if the lines are parallel. The “and only if”
part of this statement requires that, if the angles are NOT congruent, then the lines are NOT parallel.

Problem Set Sample Solutions

Use any of the assumptions, facts, and/or properties presented in the tables above to find x and y in each figure below.
Justify your solutions.

1. x=52°%y=56°

mzAEB is 72° Linear pairs form supplementary angles
m«FEB is 56° Linear pairs form supplementary angles
x =52° If two parallel lines are cut by a transversal, then

the corresponding angles are congruent.
y = 56° Angles in a triangle add up to 180°

2. You will need to draw an auxiliary line to solve this problem.
x= 45°y= 45°
£ABC and +DCB are alternate interior angles because AB || CD; x = 45°.

Angles x and y are also alternate interior angles because BC || EG; y = 45°.

3. x=73%y=39° H ]
<HIK and £JKI are supplementary because they are same side interior angles and \
JK || HI; therefore, x = 73°. £MKL and £JKI are vertical angles. So, using the 107° x v
fact that the sum of angles in a triangle is 180°, we find that y = 39°. K J
682
L
4.  Given the labeled diagram at the right, prove that ZVWX = 2XYZ.
LVWX = LYXW When two parallel lines are cut by a transversal, K
the alternate interior angles are congruent X
¢XYZ = LtYXW When two parallel lines are cut by a transversal,
the alternate interior angles are congruent W 7
~ LVWX = 2XYZ Substitution property of equality Y

Date: 6/15/14
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Student Outcomes

= Students review the principles addressed in Module 1.

Lesson Notes

In Lesson 33, we reviewed many of the assumptions, facts, and properties used in this module to derive other facts and
properties in geometry. We continue this review process with the table of facts and properties below, beginning with

those related to rigid motions.

Classwork

Review Exercises (40 minutes)

Assumption/Fact/Property

Guiding Questions/Applications

Notes/Solutions

Given two triangles A ABC and
AA'B'C'sothat AB = A'B’
(Side), mzA = mzA' (Angle),
AC = A'C'(Side), then the
triangles are congruent.

[SAS]

The figure below is a parallelogram
ABCD. What parts of the
parallelogram satisfy the SAS triangle
congruence criteria for A ABD and
A CDB? Describe a rigid motion(s) that
will map one onto the other. (Consider
drawing an auxiliary line.)

B c

D

AD = CB, property of a
parallelogram

mzsABD = m«CDB, alternate
interior angles

BD = BD, reflexive property
A ABD = A CDB, SAS

180° rotation about the midpoint of
BD

Given two triangles A ABC and
AA'B'C,ifmzA =mzA'
(Angle), AB = A'B’ (Side), and
m«B = mzB' (Angle), then the
triangles are congruent.

[ASA]

In the figure below, A CDE is the image
of the reflection of A ABE across line
FG. Which parts of the triangle can be
used to satisfy the ASA congruence
criteria?

mzAEB = m«CED, vertical angles
are equal in measure.

BE = DE, reflections map segments
onto segments of equal length.

4B = ¢+ D, reflections map angles
onto angles of equal measure.

Given two triangles A ABC and
A A'B'C',if AB = A'B’ (Side),
AC = A'C’' (Side), and BC = B'C’
(Side), then the triangles are
congruent.

[sSS]

A ABC and A ADC are formed from
the intersections and center points of
circles A and C. Prove A ABC =A ADC
by SSS.

AC is a common side.

AB = AD, they are both radii of the
same circle.

BC = DC, they are both radii of the
same circle.

Thus, A ABC = A ADC by SSS.
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Given two triangles, A ABC and

A A'B'C',if AB = A'B’ (Side),
mzB = mzB' (Angle), and £C =
£C' (Angle), then the triangles are
congruent.

[AAS]

The AAS congruence criterion is
essentially the same as the ASA
criterion for proving triangles
congruent. Why is this true?

4

D

9

If two angles of a triangle are
congruent to two angles of a second
triangle, then the third pair must
also be congruent. Therefore, if one
pair of corresponding sides is
congruent, we treat the given
corresponding sides as the included
side and the triangles are congruent
by ASA.

Given two right triangles A ABC
and A A'B'C’' with right angles B
and zB',if AB = A'B’ (Leg) and
AC = A'C' (Hypotenuse), then the
triangles are congruent.

[HL]

In the figure below, CD is the
perpendicular bisector of AB and

A ABC is isosceles. Name the two
congruent triangles appropriately, and
describe the necessary steps for proving
them congruent c

using HL.

A B

AADC = A BDC

Given CD 1 AB, both A ADC and
A BDC are right triangles. CD is a
common side. Given A ABC is
isosceles, AC = CB.

The opposite sides of a
parallelogram are congruent.

The opposite angles of a

In the figure below, BE = DE and
£CBE = £ADE. Prove ABCD is a
parallelogram.

£.BEC = £AED, vertical angles are
equal in measure.

BE = DE, and £CBE = £ADE,
given.

A BEC = A DEA, ASA.

B c
parallelogram are congruent. By similar reasoning, we can show
that A BEA = A DEC.
- N Since AB = DC and BC = DA,
The diagonals of a parallelogram D ABCD is a parallelogram because

bisect each other.

the opposite sides are congruent
(property of parallelogram).

The midsegment of a triangle is a DE is the midsegment of A ABC. Find 96
line segment that connects the the perimeter of A ABC, given the
midpoints of two sides of a labeled segment lengths.
triangle; the midsegment is B
parallel to the third side of the 2 o
triangle and is half the length of
the third side. " .
A E 16
The three medians of a triangle If AE, BF, and CD are medians of BG = 10
are concurrent at the centroid; the | A ABC, find the lengths of segments GE = 6
centroid divides each medianinto | BG, GE, and CG, given the labeled CcG = 16

two parts, from vertex to centroid
and centroid to midpoint in a ratio
of 2: 1.

lengths.
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Exit Ticket

The inner parallelogram in the figure is formed from the midsegments of the four triangles created by the outer
parallelogram’s diagonals. The lengths of the smaller and larger midsegments are as indicated. If the perimeter of the

outer parallelogram is 40, find the value of x.
3
5.7,‘
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x=4

The inner parallelogram in the figure is formed from the mid-segments of the four triangles created by the outer
parallelogram’s diagonals. The lengths of the smaller and larger mid-segments are as indicated. If the perimeter of the
outer parallelogram is 40, find the value of x.

Problem Set Sample Solutions

below. Justify your solutions.

100,15=x+4,x =11

2. AC = 34
AB =26
BD =28

Justify your solution.
57

CE = %AC; CE =17
CD = AB; CE = 26
ED = %BD; ED = 14

3. XY=12
XZ = 20
ZY = 24

it is parallel to.

Perimeter = 17 + 26 + 14 = 57

1.  Find the perimeter of parallelogram ABCD. Justify your solution.

Given parallelogram ABCD, find the perimeter of A CED.

F, G, and H are midpoints of the sides on which they are located.
Find the perimeter of A FGH. Justify your solution.

28. The midsegment is half the length of the side of the triangle

Use any of the assumptions, facts, and/or properties presented in the tables above to find x and/or y in each figure

15

A

3x+2
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4. ABCD is a parallelogram with AE = CF. A B
Prove that DEBF is a parallelogram.
E
AE = CF Given F
AD = BC Property of a parallelogram D c
m«DAE = m«BCF If parallel lines are cut by a transversal, then alternate interior angles are equal in
measure
A ADE = A CBF SAS
DE = BF Corresponding sides of congruent triangles are congruent
AB =DC Property of a parallelogram
m«BAE = mzDCF If parallel lines are cut by a transversal, then alternate interior angles are equal in
measure
A BAE = A DCF SAS
BE = DF Corresponding sides of congruent triangles are congruent

~ ABCD is a parallelogram If both sets of opp. sides of a quad. are equal in length, then the quad. is a
parallelogram.

5. Cisthe centroid of A RST.
RC=16,CL=10,T] =21

SC = 20
TC = 14
KC = 8
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Date

Name

1. Each of the illustrations on the next page shows in black a plane figure consisting of the letters F, R, E, and
D evenly spaced and arranged in a row. In each illustration, an alteration of the black figure is shown in
gray. In some of the illustrations, the gray figure is obtained from the black figure by a geometric
transformation consisting of a single rotation. In others, this is not the case.

a. Which illustrations show a single rotation?

b. Some of the illustrations are not rotations or even a sequence of rigid transformations. Select one
such illustration and use it to explain why it is not a sequence of rigid transformations.
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2. Inthe figure below, CD bisects #ACB, AB = BC,ZBEC = 90°, and ~DCE = 42°.
Find the measure of angle ~A.
C
42°
A 5 5 “E
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3. In the figure below, AD is the angle bisector of ZBAC. BAP and BDC are straight lines, and AD || PC.

Prove that AP = AC.

C
D
B y) p
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E,AC = DF,and 2A = 2D.

a. Which criteria for triangle congruence (ASA, SAS, SSS) implies that AABC = ADEF?

b. Describe a sequence of rigid transformations that shows AABC = ADEF.
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a. Construct a square ABCD with side AB. List the steps of the construction.
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b. Three rigid motions are to be performed on square ABCD. The first rigid motion is the reflection
through line BD. The second rigid motion is a 90° clockwise rotation around the center of the
square.

Describe the third rigid motion that will ultimately map ABCD back to its original position. Label the
image of each rigid motion 4, B, C, and D in the blanks provided.
A B
D " C Rigid Motion 1 Description: Reflection through line BD
‘ Rigid Motion 2 Description: 90° clockwise rotation around the
center of the square.
" Rigid Motion 3 Description:
A B
D C
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6. Suppose that ABCD is a parallelogram and that M and N are the midpoints of AB and CD, respectively.
Prove that AMCN is a parallelogram.
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STEP 1 STEP 2 STEP 3 STEP 4
Assessment Missing or incorrect | Missing or incorrect | A correct answer A correct answer
Task Item answer and little answer but with some evidence | supported by
evidence of evidence of some of reasoning or substantial
reasoning or reasoning or application of evidence of solid
application of application of mathematics to reasoning or
mathematics to mathematics to solve the problem, | application of
solve the problem. | solve the problem. | or anincorrect mathematics to
answer with solve the problem.
substantial
evidence of solid
reasoning or
application of
mathematics to
solve the problem.

1 a-b Student identifies Student correctly Student correctly Student correctly
illustration 2 OR 5 for identifies illustrations 2 identifies illustrations 2 identifies illustrations 2
part (a) and provides a AND 5 for part (a) and AND 5 for part (a) and AND 5 for part (a) and

G-CO.A.2 response that shows no provides a response that | provides a response that | provides a response that
understanding of whata | shows little shows an understanding | correctly reasons why
sequence of rigid understanding of whata | of what a sequence of any one of illustrations 1,
transformations entails sequence of rigid rigid transformations 3,4,0or6isnota
in part (b). transformations entails entails but states a less sequence of rigid
in part (b). than perfect solution. transformations.

2 | G-CO.C.10 | Student provides a Student provides a Student provides a Student provides a
response that shows response that shows the | response that shows the | response that shows all
little or no appropriate work appropriate work the appropriate work
understanding of angle needed to correctly needed to correctly needed to correctly
sum properties and no calculate the measure of | calculate the measure of | calculate the measure of
correct answer. angle A but makes one angle A but makes one angle A.

OR conceptual error and conceptual error, such as
Student states the one computational error, | labeling ZCDE = 132°
correct answer without two conceptual errors, or one computational
providing any evidence or two computational error, such as finding

of the steps to get there. | errors. £CDE + 48°.

3 | G-CO.C.10 | Student writes a proof Student writes a proof Student writes a proof Student writes a
that demonstrates little that demonstrates an that demonstrates an complete and correct
or no understanding of understanding of the understanding of the proof that clearly leads
the method needed to method needed to reach | method needed to reach | to the conclusion that
achieve the conclusion. the conclusion but two the conclusion but one AP = AC.

steps are missing or step is missing or
incorrect. incorrect.
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4 a-b Student provides a Student provides a Student provides a Student provides a
response that shows response that shows the | response that shows the | response that shows the
little or no evidence of correct triangle correct triangle correct triangle

G-CO.B.7 . N o N
understanding for parts congruence criteria in congruence criteria in congruence criteria in
G-CO.B.8 (a) or (b). part (a) and provides a part (a) and provides a part (a) and provides any
sequence that contains sequence that contains valid sequence of
more than one error in an error in part (b). transformations in part
part (b). (b).

5 a-b Student draws a Student draws a Student draws a Student draws a correct
construction that is not construction but two construction but one construction showing all
appropriate and provides | steps are either missing step is missing or appropriate marks, and

G-CO.A3 an underdeveloped list or incorrect in the incorrect in the correctly writes out the
G-CO.D.13 | of steps. construction or list of construction or in list of steps of the
Student provides a steps. steps, such as the marks construction.
response that contains Student correctly to indicate the length of Student correctly
errors with the vertex provides vertex labels in side AD. provides vertex labels in
labels and the the diagram for part (b) Student correctly the diagram for part (b)
description for Rigid but gives an incorrect provides vertex labels in and gives a correct Rigid
Motion 3 in part (b). Rigid Motion 3 the diagram for part (b) Motion 3 description.
description. but gives an incorrect
OR Student correctly Rigid Motion 3
describes the Rigid description.
Motion 3 but provides OR Student correctly
incorrect vertex labels. describes the Rigid
Motion 3 but provides
incorrect vertex labels.

6 | G-CO.C.11 | Student writes a proof Student writes a proof Student writes a proof Student writes a
that demonstrates little that demonstrates an that demonstrates an complete and correct
or no understanding of understanding of the understanding of the proof that clearly leads
the method needed to method needed to reach | method needed to reach | to the conclusion that
achieve the conclusion. the conclusion but two the conclusion but one AMCN is a

steps are missing or step is missing or parallelogram.
incorrect. incorrect.
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Date

Name

1. Each of the illustrations on the next page shows in black a plane figure consisting of the letters F, R, E, and
D evenly spaced and arranged in a row. In each illustration, an alteration of the black figure is shown in
gray. In some of the illustrations, the gray figure is obtained from the black figure by a geometric
transformation consisting of a single rotation. In others, this is not the case.

a. Which illustrations show a single rotation?

Snsrz s orns 2 a /A:z/'_.'f

b. Some of the illustrations are not rotations or even a sequence of rigid transformations. Select one
such illustration and use it to explain why it is not a sequence of rigid transformations.

//ﬂﬂfmﬁm/ H ouls Lrursiabirs 0F Jpaividera) (eHers £ R E, ana D ; but
f, cdh Jertar se frwnsiated a A:fFeent Asstante. Sjnce Z.Ifﬂ”f/ﬂ?l‘/m‘-‘
equres a sheft 7"2%: ensre plarne é/a e Sipre ﬂ-’ffma /Y sErat s/
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2. Inthe figure below, CD bisects #ACB, AB = BC,ZBEC = 90°, and ~DCE = 42°.

Find the measure of angle ~A.

A [¥] ]

Label ﬂvﬂl-ffl' al ghewir—. )
(cpep ©Lpet fince C0 biseets LACE

E‘atm hijf—'@c,ﬂh‘EL W iroscedry, Hprprret X =08
i A + mLACE + WLE =180
a v (+4) +10= 180
1y + % +BL = 180
Yy =1b

Sincn 0 = 2%, meA=32
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3. In the figure below, AD is the angle bisector of ~BAC. BAP and BDC are straight lines, and AD || PC.

Prove that AP = AC.
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4. The triangles AABC and ADEF in the figure below are such that AB = DE, AC = DF, and 2ZA = £D.

a.  Which criteria for triangle congruence (ASA, SAS, SSS) implies that AABC = ADEF?

5':.:J-JL - -ﬂhn*::ll'l_-:‘nz:lL

b. Describe a sequence of rigid transformations that shows AABC = ADEF.

i, Teamsilate ADEF 5= flat Fis l-'-".l.PP-HI ovitn

0. Rohde ftn wogte o ADEF ubost C St et
E 3 w“lﬂ 4D E_ %_:,
2. ’EEFLE"-‘-%_ 42, }mh}i’. J-"h..l. '-ﬂ-;'[‘ﬁ']‘l-'n.-'-._ acrary BL
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a. Construct a square ABCD with side 4AB. List the steps of the construction.
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b. Three rigid motions are to be performed on square ABCD. The first rigid motion is the reflection
through line BD. The second rigid motion is a 90° clockwise rotation around the center of the
square.

Describe the third rigid motion that will ultimately map ABCD back to its original position. Label the
image of each rigid motion A4, B, C, and D in the blanks provided.

‘ C Rigid Motion 1 Description: Reflection through line BD

|0
%

N
AN

‘ Rigid Motion 2 Description: 90° clockwise rotation around the center
of the square.

N
| >

A
&

‘ Rigid Motion 3 Description: 475 6 ¥, Lé £
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6. Suppose that ABCD is a parallelogram and that M and N are the midpoints of AB and CD, respectively.

Prove that AMCN is a parallelogram.
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